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Abstract. Within the framework of complex supergeometry and motivated 
by two-dimensional genus-zero holomorphic N = 2 superconformal field the- 
ory, we define the moduli space of N = 2 super-Riemann spheres with ori- 
ented and ordered half-infinite tubes (or equivalently, oriented and ordered 
punctures, and local superconformal coordinates vanishing at the punctures), 
modulo N = 2 superconformal equivalence. We develop a formal theory of in- 
finitesimal N = 2 superconformal transformations based on a representation of 
the N = 2 Neveu-Schwarz algebra in terms of superderivations. In particular, 
via these infinitesimals we present the Lie supergroup of N = 2 superprojective 
transformations of the N = 2 super-Riemann sphere. We give a reformulation 
of the moduli space in terms of these infinitesimals. We introduce generalized 
N = 2 super-Riemann spheres with tubes and discuss some group structures 
associated to certain moduli spaces of both generalized and non-generalized 
N = 2 super-Riemann spheres. We define an action of the symmetric groups 
on the moduli space. Lastly we discuss the nonhomogeneous (versus homoge- 
neous) coordinate system associated to JV = 2 superconformal structures and 
the corresponding results in this coordinate system. 



1. Introduction 

In this work, we give a detailed study of the differential supergeometry underlying 
two-dimensional genus-zero holomorphic N = 2 superconformal field theory. 

Conformal field theory (or more specifically, string theory) and related theo- 
ries, including superconformal field theories, (cf. [BPZJ . [F], |FSj . [Vafj . and [Se] ) 
are the most promising attempts at developing a physical theory that combines 
all fundamental interactions of particles, including gravity. The geometry of (su- 
perconformal field theory extends the use of Feynman diagrams, describing the 
interactions of point particles whose propagation in time sweeps out a line in 
space-time, to one-dimensional particles called "strings" (or higher-dimensional 
"superstrings" ) whose propagation in time sweeps out a two-dimensional surface 
(or higher-dimensional supersurface) called the "worldsheet" . For two-dimensional 
genus-zero holomorphic (super)conformal field theory, algebraically, these interac- 
tions can be described by products of vertex operators or more precisely, by vertex 
operator (super)algebras (cf. [Bo], [FLM] . [KW] . [B3]. [B5]). 

In [Blj and |H2| . motivated by the geometric notions arising in conformal field 
theory, Huang gives a precise geometric interpretation of the notion of vertex oper- 
ator algebra by considering the geometric structure consisting of the moduli space 
of genus-zero Riemann surfaces with oriented and ordered half-infinite tubes (which 
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are conformally equivalent to Riemann spheres with oriented and ordered punctures 
and local coordinates vanishing at the punctures), modulo conformal equivalence, 
together with the operation of sewing two such surfaces. This work was then ex- 
tended by the author in |Blj - |B5) to the notion of N = 1 supergeometric vertex 
operator superalgebra motivated by the physical model of N = 1 superconformal 
field theory and the notion of a superstring whose propagation in time sweeps out a 
supersurface jF], [D], [Roj . [CRj . thereby giving a precise geometric interpretation 
of the notion of N = 1 Neveu-Schwarz vertex operator superalgebra. 

This rigorous foundation for the correspondence between the algebraic and geo- 
metric aspects of two-dimensional genus-zero holomorphic (N — 1 super)conformal 
field theory has proved useful in furthering both the algebraic and geometric aspects 
of (super)conformal field theory On the one hand, it is much easier to rigorously 
construct many aspects of (super)conformal field theories and study many of their 
properties using the algebraic formulation of vertex operator (super) algebra (or 
equiv alently , chiral algebra) (e.g., [M], [BPZ] , [ZS], [FLM] . [EE], [EZ], [FFR] , [DE] . 
[F_F], [DMZj . [Wa] . [Zlj . [Z2]). On the other hand, the geometry of (super)conformal 
field theory can give insight and provide tools useful for studying the algebraic as- 
pects of the theory, for example: giving rise to general results in Lie theory [BHL1|: 
giving the necessary insight for developing a theory of tensor products for vertex 
operator algebras [HLlj , |HL4| - [HL7j . |H3| ; giving rise to change of variables for- 
mulas for vertex operator algebras |H2| and N = 1 Neveu-Schwarz vertex operator 
superalgebras [B6] ; and giving rise to constructions in orbifold conformal field the- 
ory [BDMj , |H4j , [BHL2] . But one of the most important applications arises from 
the fact that this rigorous development of the differential geometric foundations of 
(super)conformal field theory (in particular an analytic development of the mod- 
uli space of (super-)Riemann surfaces and a sewing operation) is necessary for the 
construction of (super)conformal field theory in the sense of Segal [Sej and Kontse- 
vich. In fact the work of Huang in [HI] , |H2j along with |H3j . [H6] - |H10] solves the 
problem of constructing holomorphic genus-zero (weakly) conformal field theories 
from certain representations of vertex operator algebras. 

The purpose of this paper is to extend certain geometric aspects of Huang's work 
[H2| and previous work by the author |B2] . |B4] to the analogous N = 2 superge- 
ometry underlying two-dimensional genus-zero holomorphic N = 2 superconformal 
field theory That is to develop the differential supergeometric foundations under- 
lying the "worldsheet" approach to genus-zero holomorphic two-dimensional N = 2 
superconformal field theory necessary to give a rigorous correspondence between 
the geometric and algebraic aspects of the theory. 

In [EJ, Friedan describes the extension of the physical model of conformal field 
theory to that of N = 1 superconformal field theory and the notion of a superstring 
whose propagation in time sweeps out a supersurface. Whereas conformal field 
theory attempts to describe the interactions of bosons, superconformal field theory 
attempts to describe the interactions of bosons paired with fermions, adding addi- 
tional boson- fermion symmetries. N — 2 superconformal field theory explores the 
theory of conformal fields if, rather than one boson-fermion symmetry is present 
as in N = 1 theories, two symmetries are realized (cf. FMS , [LVW], [Gej . [Schwj . 
[Waj ) . This theory has gained much interest due to the phenomenon of mirror 
symmetry present (cf., [LVW] . [GP] . [CLS] , [SEHj . |CdGPj . [FBC] . [DHVWlj . 
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[DHVW2] . [LY] . [LLYl] - p^4] . [Gi], |¥], [GY], [PVY] V However, a rigorous foun- 
dation for the correspondence between the underlying worldshect differential geom- 
etry and the algebra of N = 2 Neveu-Schwarz vertex operator superalgebras has 
not yet been realized. 

The natural setting for N — 2 superconformal field theory lies in TV = 2 complex 
supergeometry [FMSj , |DRSj , [D] . This is the geometry of manifolds over a com- 
plex Grassmann algebra (i.e., complex supermanifolds) where there is one "even" 
dimension corresponding to the one bosonic component and two "odd" dimensions 
corresponding to the N = 2 fcrmionic components. In this paper, within the 
framework of N = 2 complex supergeometry and motivated by two-dimensional 
genus-zero holomorphic N — 2 superconformal field theory, we define the mod- 
uli space of iV = 2 super-Riemann spheres with oriented and ordered half-infinite 
tubes (or equivalently, oriented and ordered punctures, and local N = 2 super- 
conformal coordinates vanishing at the punctures), modulo N — 2 superconformal 
equivalence. Physically, one can think of each N = 2 super-Riemann sphere as 
representing some superstring interaction. 

We note that since there is yet no uniformization theorem for N = 2 super- 
Riemann surfaces with genus-zero compact body, for much of this paper we are 
working with actual N = 2 super-Riemann spheres with tubes, rather than more 
general genus-zero N — 2 super-Riemann surfaces. In Section 5, we present Con- 
jecture 5.2 which states that any genus-zero N = 2 super-Riemann surface is N = 2 
superconformally equivalent to the N = 2 super-Riemann sphere. If true, this con- 
jecture implies that the results of this paper extend to the more general moduli 
space of N — 2 genus-zero super-Riemann surfaces with tubes. However, we do not 
need this conjecture for the results of this paper as stated. 

In Section 6, we develop a formal theory of infinitesimal N — 2 superconfor- 
mal transformations which are superderivations. We show that any local N = 2 
superconformal coordinate can be expressed in terms of exponentials of these su- 
perderivations. This theory of infinitesimal N — 2 superconformal transformations 
is the main machinery that will be used to reformulate the moduli space as we 
do in Section 8. It is this formulation that will be needed in subsequent work to 
define a sewing operation on the moduli space and carry out the program of giv- 
ing a rigorous geometric interpretation of N — 2 Neveu-Schwarz vertex operator 
superalgebras. 

In Section 7, we discuss some of the group structures arising from this formulation 
of local coordinates in terms of infinitesimals. We discuss the N = 2 Neveu-Schwarz 
Lie superalgebra and point out that the infinitesimal N = 2 superconformal trans- 
formations give a representation of the N — 2 Neveu-Schwarz algebra in terms of 
superderivations (cf. |Ki| ) . In particular, via these infinitesimals we present the Lie 
supergroup of N — 2 superprojective transformations of the N — 2 super-Riemann 
sphere. In reviewing the literature, we found many claims of presentations of this 
group of automorphisms of the N = 2 super-Riemann sphere, for example [C] , [Ki] , 
|Me| . [Schoj . [N] and |BL] , However, none of these provide a correct presentation 
of the full group of N = 2 superprojective transformations that are N — 2 super- 
conformal in the sense that we deal with in this paper. We give a detailed analysis 
of each presentation and concrete counterexamples to show that the "N = 2 su- 
perprojective transformations" found in the literature cited above do not give the 
group of automorphisms of the N — 2 super-Riemann sphere in the usual sense. 
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The calculus of N = 2 superconformal functions we develop using exponentials of 
infinitesimals proves useful in unraveling the problem of determining the correct 
general form of the N — 2 superprojective transformations. 

In Section 8, we give the main result of this paper - a reformulation of the moduli 
space of N = 2 super- Riemann spheres with tubes in terms of the infinitesimal N = 
2 superconformal transformations. In Section 9, we introduce generalized N = 2 
super-Riemann spheres with tubes and discuss some group structures associated to 
the moduli space of both generalized and non-generalized N = 2 super-Riemann 
spheres with one outgoing tube and one incoming tube. There is no complex 
Lie group corresponding to the N = 2 Neveu-Schwarz algebra (just as there is 
no complex Lie group corresponding to the Virasoro algebra [Lj). However, the 
group structures we present here associated to the moduli space of N = 2 super- 
Riemann spheres lay the groundwork for showing that there are group structures 
corresponding to certain infinite-dimensional sub-algebras of the N — 2 Neveu- 
Schwarz algebra, and there is a partial monoid whose tangent space at the identity 
is the N = 2 Neveu-Schwarz algebra. This is analogous to the non-super and the 
JV = 1 superconformal case as studied in |H2j and [B4j , respectively. 

In Section 10, we define an action of the symmetric groups on the moduli space. 
In later work we will put a sewing operation on the moduli space of N = 2 super- 
Riemann spheres with tubes, and this together with the action of the symmetric 
group presented here will give the moduli space the structure of a partial operad 
[MSSj . in analogy to the non-super case |HL2j . [HL3] and JV = 1 super case |B4j . 
Finally in Section 11 we discuss the nonhomogeneous (versus homogeneous) coor- 
dinate systems associated to N = 2 superconformal structures (cf. [C], [DRSj . [N] ) 
and the corresponding results in this coordinate system. 

Here we note some immediate applications of this work. In analogy to the 
situation for geometric vertex operator algebras [H2] and N — 1 supergeometric 
vertex operator superalgebras |B5j , we expect to use the results of this paper to 
establish the notion of N = 2 supergeometric vertex operator superalgebra and to 
establish the isomorphism between the category of such objects and the category 
of N — 2 Neveu-Schwarz vertex operator superalgebras. This rigorous correspon- 
dence between the geometric and algebraic aspects of N = 2 Neveu-Schwarz vertex 
operator superalgebras is necessary for the construction of N — 2 superconformal 
field theory in the sense of [Se] following the program of Huang in {Hl]-jH10]. 

We take this opportunity to point out that in |HeK| , Heluani and Kac formulate 
an axiomatic notion of what they call "strongly conformal Njc — N SUSY vertex 
superalgebras" and in [He] , Heluani gives certain change of variables formulas (near 
zero) for these algebras. For N = 1 these algebras correspond to "JV = 1 Neveu- 
Schwarz vertex operator superalgebras" as formulated and studied previously by 
the author in |Blj - |B3j . and change of variable formulas for such algebras under any 
JV = 1 superconformal change of variables (not just near zero) had been formulated 
and proved by the author in |B6| : the subtleties entering into the formulation and 
the proof of the change of variable formulas were explained in detail in |B6j . It was 
actually the rigorous treatment of the correspondence between certain geometric 
and algebraic aspects of JV = 1 superconformal field theory as developed in |B2j and 
|B4] that led the author to formulate and study the notion of JV = 1 Neveu-Schwarz 
vertex operator superalgebra with odd formal variables and to introduce (in [Bl] 
and |B2] ; see also [B3 ) such properties as the G(— l/2)-derivative property, the 
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Jacobi identity and the commutator formula with odd variables, supercommutativ- 
ity and associativity with odd variables, and skew-supersymmetry. The author's 
N = 1 axioms and properties mentioned here generalize routinely to N > 1 , treated 
in [HeK] and [Hej (except for the Jacobi identity). 

In fact, we can further motivate the present paper by recalling that actually, 
it was the substantial problem of formulating and studying not just the algebraic 
structures mentioned in the previous paragraph, but rather the superconformal 
geometry underlying such structures, that was the main focus of [B1J — |B6] . Some of 
the main ingredients of this geometric study were the theory of the sewing operation, 
in full generality, for N = 1 genus zero super-Riemann surfaces with punctures and 
local coordinates; the intricate but essential proof of the convergence, necessary for 
handling the sewing with general local coordinates; the formulation of a geometric 
notion of "N — 1 Neveu-Schwarz vertex operator superalgebra" ; the proof of the 
equivalence between this notion and the algebraic notion; as a consequence of this 
theory, a general change of variables formula including changes of coordinates not 
just near zero but also near infinity and more generally, on an annulus; and the 
solution of the problems of when and how one obtains isomorphic vertex operator 
superalgebras under general changes of variables. The present paper is the first 
in a series of papers extending this entire algebraic and geometric program in the 
N = 1 case to the N = 2 case. 

Acknowledgments: The author thanks the referee for helpful suggestions. 

Notational conventions: F denotes a field of characteristic zero, N denotes the 
nonnegative integers, R+ denotes the positive real numbers, Z + denotes the positive 
integers, and Z2 denotes the integers modulo 2. 

2. SUPERANALYTIC FUNCTIONS 

In this section, we recall the notion of superalgebra, Grassmann algebra and 
superanalytic function following [B4j . [D) . [Bclj . [Roj . 

Let F be a field of characteristic zero. For a Z2-graded vector space X = X^t&X 1 , 
define the sign function r\ on the homogeneous subspaces of X by rj{x) — j, for 
x G X J and j € Z2. If n(x) — 0, we say that x is even, and if n(x) = 1, we say that 
x is odd. 

A superalgebra is an (associative) algebra A (with identity 1 € A), such that: (i) 
A is a Z2-graded algebra; (ii) ab = (— l^M^W&a for a,b homogeneous in A. Note 
that when working over a field of characteristic zero or of characteristic greater than 
two, property (ii), supercommutativity, implies that the square of any odd element 
is zero. 

A Z2-graded vector space g = g° © g 1 is said to be a Lie superalgebra if it has 
a bilinear operation [•,•] on g such that for u,v homogeneous in g: (i) [u,v] € 
fl (7?(«)+n(i0)mod2. (jj) skew symme t r y holds [u,v] = -(-l)^ u ^[v,u\; (iii) the 
following Jacobi identity holds 

Remark 2.1. Given a Lie superalgebra g and a superalgebra A, the space (^4° <g> 
g°) © (A 1 © g 1 ) is a Lie algebra with bracket given by 

(2.1) [au, bv] = (-ly^^abiu, v] 

for a, 6 € A and u,v G g homogeneous (with obvious notation), where in (|2.1| we 
have suppressed the tensor product symbol. Note that the bracket on the left-hand 



6 



KATRINA BARRON 



side of (12. 1| is a Lie algebra bracket, and the bracket on the right-hand side is a Lie 
superalgebra bracket. The Lie algebra (A g°) © (A 1 (g) g 1 ) is called the A-envelope 

For any Z2-graded associative algebra A and for u, v 6 A of homogeneous sign, 
we can define [it, v] = uv — (—l) 1l ^ u ' r, ^ v ' vu, making A into a Lie superalgebra. The 
algebra of endomorphisms of A, denoted End A, has a natural Z2-grading induced 
from that of A, and defining [X, Y] = XY - {-l)nWv{Y) Y X for X, Y homogeneous 
in End A, this gives End A a Lie superalgebra structure. An element D £ (End Ay , 
for j e Z2, is called a super derivation of sign j (denoted n(D) — j) if D satisfies 
the super-Leibniz rule 

(2.2) D(uv) = (Du)v + {-If^^uDv 

for u, v G A homogeneous. 

Let V be a vector space. Then the exterior algebra generated by V, denoted 
/\{V), has the structure of a superalgebra. Fix Vl to be an L-dimensional vector 
space over C with basis {Ci, (2, ■ ■ ■ , (l} for L e N such that Vl C Vl+i. We denote 
/\(Yl) by /\ L and call this the Grassmann algebra on L generators. In other words, 
from now on we will consider the Grassmann algebras to have a fixed sequence of 
generators. Note that f\ L C Al+1' anc ^ taking the direct limit as L — > 00, we 
have the infinite Grassmann algebra denoted by Aoo- Then f\ L and are the 
associative algebras over C with generators Q, for j = 1,2, ... ,L and j — 1,2,..., 
respectively, and with relations 

OCfc = -CfcO, Ci=o. 

Note that dime Al = and if L = 0, then /\ = C. We use the notation /\ t to 
denote a Grassmann algebra, finite or infinite. The reason we take /\ + to be over C 
is that we will mainly be interested in complex supergeometry. However, formally, 
we could just as well have taken C to be any field of characteristic zero. 
Let 

I L = {(i) = («!, i%,...,i2n) |*i < h < ■■■ < i2n, k e {1,2, ...,L}, n e N}, 

= {(j) = {ji, 32, ■ ■ ■ , J2n+i) I ji < h < ■ ■ ■ < hn+i, ji e {1,2, ...,L}, ne N}, 
and Kl = II^ Jl- Let 

loo = {(«) = (*1,«2, ■ ■ - ,«2n) I *1 < «2 < " * " < «2n, «i € Z + , n € N}, 

Jco = {(j) = (jl, J2, ■ ■ ■ , J2n+l) I jl < 32 < ■ ■ ■ < j2n+l, jl G Z+, 71 € N}, 

and /Too = U Joo . We use 7*, , and if* to denote Jl or 1^ , Jl or , and if l 
or ifoo, respectively. Note that (z) = (i±, . . . , Z2„) for n = is in /*, and we denote 
this element by (0). The Z2-grading of fa* ^ s given explicitly by 

A* = [ a ^A«\ a = X! a «CuC« 2 • • -Ci2„> a « g c > " e n| 
(»)ei. 

A! = {o e A* I o = XI a 0)0i0 2 • • • Cj2„+i, a io) e c, n e n|. 

(J)6J. 

Note that a 2 = for all a e Ai- 
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We can also decompose A* into frody, (A*)s = {«(0) € C}, and sou/ 
(A*)s = { fl eA*|a= ^ a (fc) Cfe 1 Cfe 2 •••Cfc„, a (fe) G c| 

(fe) 6 K, 
k ? (0) 

subspaces such that A* = (A*)s © (A*)s- For a £ /\ t , we write a = a B + as for 
its body and soul decomposition. Note that for all a G Az,' we have a$ +1 = 0. 

For n € N, we introduce the notation A*> n 1,0 denote a finite Grassmann algebra 
A^, with L > ji or an infinite Grassmann algebra. We will use the corresponding 
index notations for the corresponding indexing sets /*>„, J*> n and K* >n . 

Let m, n € N, and let [/ be a subset of (A°) m © (Al)™- a A,r su P erlunction # 
on U in (m, n)-variables is given by 

h.u — A* 

j Z2 , . . . 5 2 m , t/i , (72 j ■ ■ ■ j "n 

) i-> H(zi,Z2 ) ---,z m ,0i,9 2) ... ) n ) 

where for k = 1, . . . ,m, are even variables in A* an d $fc, for k = 1, . . . , n, are 
odd variables in A*- Let f{{z\) B , (22)5, ■ ■ ■ , (z m ) B ) be a complex analytic function 
in (zfe)_B, for fc = 1, . . . , m. For zj. € A*> an( i k — 1, ..,m, define 

(2.3) f( Zl ,z 2 ,...,z m ) = £ L*Jtte%-M*{ d 



, h\h\---l m \ \d[zx) 



9(z 2 )bJ \d(z m ) B 



d ^ 



f({zi) B , (z 2 ) B , (z m ) B )- 



Definition 2.2. Let m,n € N. Le£ U C (A!>„-i) m © (Ai> n -i)"> and let H be 
a A*>n-i" su P er function in (m,n) -variables defined on U. Then H is said to be 
superanalytic if H is of the form 

(2.4) H(z 1 ,z 2 ,...,z m ,6i,0 2 ,...,6 n ) = ^ hi " ' ' ^ljf(i){ z uz 2 , ■ ■ ■ ,z m ), 



where each /(j) is of the form 



/(l)(zi,Z2v> z m)= /2 f(l),(k)(zi, Z2, ■ ■ • , Z m )Ck 1 Ck 2 ' ' ' Cfc s , 

and each f(i)^k)({zi) B , (z 2 ) B , (z m ) B ) is analytic in {z t ) B , for i = 1, . . . , m, and 
{{z\) B , (z 2 ) B , ■ ■ ■ , (z m ) B ) € U B C C m . We call H an even superanalytic (m,n)- 
function if whenever (I) € I n then fmjk) = f or (&) ^ -f*— n ari ^ whenever (I) G J„ 
i/ien = /or (fc) ^ J*- n - We caZZ an odd superanalytic (m,ri) -function 

if whenever (I) S /„ i/ien fm,!k) = /or (fc) ^ J*_ n and whenever (I) e J„ i/ien 

/(0,(fc) = /° r ( fc ) ^ 

We require the even and odd variables to be in A*>n-is an d we restrict the 
coefficients of the /(n (fc)'s to be in A*- n — A*>n-i m or( ier for the partial deriva- 
tives with respect to each of the n odd variables to be well defined and for multiple 
partials to be well defined (cf. [D], |B4j). 
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Wc define the (left) partial derivatives and -J^- acting on some superanalytic 
superfunction H{z\, z m , 61, . . . , 6 n ) defined on[/c (A!>„_i) m © (Ai> n _i) n by 

A Zj [j^Hiz!, ...,z m ,6 U ---, OnYj + 0((A Zj ) 2 ) 

= H(zi, . . . , Zj-i, Zj + Azj,Zj + i, . . . , z m ,8i, . . . , 6 n ) — H(z 1: . . . , z m , 0\, . . . , 6 n ) 

for all Azj £ A*>o sucn that (z\, . . . , Zj-i, Zj + Azj, Zj+i, ■ . ■ , z m ) £ U°, for j = 
1, . . . , to, and 

A9j (J^-H(z 1 ,...,z m ,0i,...,6,, 
= H(zi, . . . , z m ,6i, . . . , 9j-i,6j + A9j,6j + i, . . . , 6 n ) — H(z\, . . . , z m , 9i, . . . , 6 n ) 

for all A6j £ /\1 >Q such that (9 1: . . . , 0,- + A9 J ,6 j+1 , ...,9 n ) £ U 1 . Note 
that t^-, for j — 1, . . . , m, and t^-, for j = 1, . . . , n, are endomorphisms of the 
superalgebra of superanalytic (to, n)-superfunctions, and in fact, are even and odd 
superderivations, respectively. 
Consider the projection 

(2-5) ^ m ' rl) :(A°>„-i) m ®(A!>„-i) rl — > C m 

(zi,...,z m ,6i,...,6 n ) i-> {{z\)b, {z 2 )b, ■ ■ ■ , (z m ) B ). 

We define the DeWitt topology on (A!>„-i) m © (Al>„-i)" b Y letting 

^((A^reCA^-rD 

be an open set in the DeWitt topology if and only if U = { / k^ , "^)~ 1 {V) for some 
open set V C C m . Note that the natural domain of a superanalytic A*> n -i" 
superfunction in (to, n)-variables is an open set in the DeWitt topology. 

A "superconformal" field theory based on "superfields" which are superanalytic 
superfunctions in (1, n)-variables satisfying certain symmetry conditions would be 
referred to as an U N = n superconformal field theory" . 

Let (A*) x denote the set of invertible elements in A*- Then 

(AJ X ={aEAJa B ^0} 

since 

a a B + a s ^ a B +1 
is well defined if and only if a B 0. In light of this fact, note that the DeWitt 
topology is non-Hausdorff. For example, two points a,b £ A* can be separated by 
disjoint open sets in the DeWitt topology if and only if a B ^ b B , i.e., if and only if 
their difference is an invertible element of A*- In other words, the DeWitt topology 
fails to be Hausdorff exactly to the extent that the nonzero elements of A* fail in 
general to be invertible. 

Remark 2.3. Recall that f\ L C Al+i f° r L £ N, and note that from (|2.3p . any 
superanalytic AL~ su P erninc ti° n J H^, in (to, n)-variables for L > n can naturally be 
extended to a superanalytic AL'~ su P ernmc tio n m n)-variables for L' > L and 
hence to a superanalytic Aoo~ su P cr f unc tion. Conversely, if H^i is a superanalytic 
AL/-superfunction (or Aoo~ su P ernmc tio n ) m (to, n)-variables for L' > n, then we 
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can restrict Hl> to a superanalytic /\ L -supcrfunction for L' > L > n by restricting 
(zi, . . . , z m , 6 n ) € (A°J m 8 (Al)" and setting / (I)i(fc) = if (k) $ K L - n . 

3. SUPERCONFORMAL (1, 2)-SUPERFUNCTIONS AND POWER SERIES 

In this section we give the definition of N — 2 superconformal superfunction 
and make note of the power series expansions of such functions vanishing at zero 
or infinity (cf. [Ej, [N]). 

Remark 3.1. There are typically two different coordinate systems one can choose 
to work with in N — 2 superconformal field theory (cf. (Cj, [N]). Throughout 
most of this work, we have chosen to work with what we call the "homogeneous" 
coordinate system. In Section [Tl] we discuss the "nonhomogeneous" coordinate 
system and show how to convert our results to that setting. 

Let z be an even variable in A*>ij an d let 9+ and 9~ be odd variables in A*>i- 
Define 

<"> ^-jf^s d - = isf + <> + 1- 

Then D are odd superderivations on A*>i _ superfunctions in (1, 2)-variables which 
are superanalytic in some DeWitt open subset u c A" >t ©(A;>i) 2 - Note that 

(3.2) = 2{D ± f = 

3 

(3.3) \D + ,D-} = D+D-+D-D+ = 2—. 

oz 

Let 

(3.4) H :C/CA!: >1 ®(A!> 1 ) 2 - A°> 1 ®(A!> 1 ) 2 

(z,6 + ,9~) i ► (H Q {z,6 + ,6-),H + (z,6 + ,d-),H-(z,d + ,6-)) 

= (s,e+,6-) 

be superanalytic, i.e., H°(z,9+ ,6~) = z is an even superanalytic (1, 2)-function in 
the sense of Definition 12. 2[ and H ± (z,6+ ,6~) = 9 are odd superanalytic (1,2)- 
functions. Then D+ and D~ transform under H(z,9+,9~) by 

(3.5) L>+ = (D+9+)D+ + (D+9-)-^ + (D+S - 9-D+9+)^- 
K ' ' dd~ dz 

(3.6) D~ = (D-6-)D- + (D-9+)—^ + (D~z - ~9+D-~9-) — 
y J 39+ dz 

where D ± = tJ^ 4- ^ T Jl with ~§E an d ^f± defined by the usual chain rule, i.e., 
3 dz 3 39+ 3 36~ 3 



dz dzdz dz 36+ dz 30- 

3 dz d 39+ 3 39~- 3 



39+ 39+ dz 39+ d§+ 39+ 39- 
3 31 3 39+ 3 36~ 3 



39- 39- dz 39- 39+ 

Recall that a complex function / defined on an open set Ub in C, of one com- 

d 

dz B ■ 

v ^ \ v ^ +" v o n o T t~\ vm c 

dzs 



plex variable zb, is conformal in Ub if and only if ■j^I{ z b) exists for zb S Ub 
and is not identically zero in Ub, i.e., if and only if f(zs) — %b transforms -f— 
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by -j^ = /' (2b)^=— for /' not identically zero. Such a transformation of is 
said to be homogeneous of degree one, i.e., / transforms by a non-zero analytic 
function times -r|— to the first power with no higher order terms in -4— . Analo- 
gously we define an N — 2 superconformal function H on a DeWitt open subset J7 
°f A*>i ®(A!>i) 2 to A*>i©(A!>i) 2 to t> e a superanalytic function under which 
D + and £>~ transform homogeneously of degree one. That is, H transforms £) ± 
by non-zero superanalytic functions times D , respectively. Since such a super- 
analytic function H(z,9 + ,9~) = (z,6 + ,9~) transforms D + and D~ according to 
(|3.5|) and (|3.6[) . respectively, if is superconformal if and only if, in addition to being 
superanalytic, H satisfies 

(3.7) D + §~ = 0, 

(3.8) D~9 + = 0, 

(3.9) D + z-9~D + 9 + = 0, 

(3.10) D-S-9+D-9- = 0, 

for D ± 9 ± not identically zero, thus transforming D ± by D ± = (-D 6 ,± )D ± . 
We can write H(z,9 + ,9~) = (z,9 + ,§-) as 

~z = f(z) + 9 + ^ + (z) + 9-C(z) + 9+9-f + --(z) 
9+ = iP + (z)+9 + g + (z) + 9-h-(z)+9+9-(f ) + {z) 
9~ = 4>-{z) + 9 + h + {z) + 9-g-{z) + 9 + 9-(j)-{z) 

for f,f + '~,g ,hr z even and £+,-!/>+,</>+ odd (1, 0)-superfunctions in z. Then the 
conditions (|3.7[) - (|3.10p are equivalent to the conditions 

(3.11) z = /(z) + 6>+.g+(z)^-(z) +6»-.g-(z)i/; + (z) + 0+0- (^+(z)V~(z))' 

(3.12) 9+ = iP + {z) + 9 + g + {z) + 9 + 9-{4' + )'{z) 

(3.13) §~ = 4)-{z) + 9-g-(z)-9 + 9-{4}-)'{z) 
and 

(3.14) f(z) = (4+y(z)4>-(z)-4;+(z)^-y(z)+g+(z)g~(z), 

and we also require that D + 9 + and D~9~ not be identically zero, which is equiv- 
alent to 

(3.15) ff +(z) + (^+)'(z)# and g-(z) + (VO'(z) # 0. 

Thus an iV = 2 superconformal function is uniquely determined by f(z), ip^(z), 
g (z) satisfying the conditions (|3.14p and (|3.15[) . 

Note that the space of N = 2 superconformal functions on A*>i©(A*>i) 2 i s 
closed under composition when defined. However, the sum of two N — 2 supercon- 
formal functions is not in general superconformal. 

In Section 5, we will study "iV = 2 super- Riemann spheres with punctures and 
local superconformal coordinates vanishing at the punctures" . These punctures can 
be thought of as being at G A*>i ®(Al>i) 2 > a non-zero point in A*>i ®(Ai>i) 2 ' 
or at a distinguished point on the N — 2 super-Riemann sphere we denote by 
"oo". As will be shown in Section 5, we can always shift a non-zero point in 
A*>i ©(A!>i) 2 ( or on th° N = 2 super-Riemann sphere) to zero via a global 
N = 2 superconformal transformation. Thus all local superconformal coordinates 



THE N = 2 MODULI SPACE 



11 



vanishing at the punctures can be expressed as power series vanishing at zero or 
vanishing as (z, 8 + ,9~) = [zb + zs, 8 + ,9~) — ► (oo + 0, 0, 0) = oo. 

If the puncture is at zero, we are interested in invertible N = 2 superconformal 
functions H(z, 9 + , 6~) = (z, 9 + , 0~) defined in a neighborhood of zero vanishing at 
zero. Such an H satisfies p. lip - (|3.15l) where f(z),g (z) are even superanalytic 
functions and ^(z) are odd superanalytic functions, satisfying /(0) = ^>+(0) = 
and /'(0), g ± (0) £ (A*- 2 ) X ■ Thus an N = 2 superconformal power series invertible 
in a neighborhood of zero and vanishing at zero is uniquely determined by 

(3.16) g ± {z) = $>+V, fora±eA°- 2 anda ± G(AL 2 ) x 

(3.17) ^(z) = J2 m f+i zj+1 > for m t+i S A *" 2 ' 

jen 

and has the form (|3.11| - (|3.13j) . where / is uniquely determined by (|3. 14p since 
/(0) - 0. 

Remark 3.2. From the previous statement, we see that if H(z, 9 + ,8~) = (z, 6 + , 0~) 
is N = 2 superconformal and vanishing at zero, then it is completely determined 
by the components 9 ± . In fact we can say more: H vanishing at zero is completely 
determined by 8^9 ± 1 since then we are still able to pick out the tp and g ± com- 
ponents. Note that such an H is not determined uniquely by z alone. This is in 
contrast to the N — 1 case (cf. [B4 ). 

Explicitly, we have that if H(z,9 + ,9~) = (z, 9 + ,8~) is superconformal and in- 
vertible in a neighborhood of zero and vanishing at zero, then 

(3.18) z = Y ( . ] - a+a- k zi +k+1 + . j = k - m+ , m~ t z j+k+2 

+ 0+a+m~ ! 2 i+ fc + 1 + 6-aJm+ 1 z j+k+1 
+ 6»+6»- (j + fc + 2)771+ ! m" ! 

.7+2 fc +2 / 

(3.19) 0+ = y / (mf +1 z j+1 + 6 ± afz j ±6+6-{j + l)mf +L z j ) 

for e (A!- 2 ) X > a? e A!-2> fOT i e Z+, and m+ + i € ALa. for J e N - 

Similarly, we would like to express an N — 2 superconformal function vanishing 
as (z, 9 + , 6~) = [zb + zs, 9 + , _ ) — ► (oo + 0, 0, 0) = oo as a power series in z and 
9 ± . The superfunction 

^(a!m> x ®(a;>i> 2 — (a?>,)* ® (a;>i> 2 

M+,n » (i,*^) 

\z z z / 

is iV = 2 superconformal, well defined and vanishing as (z, 8 + , 6~) — > oo. In fact, if 
is TV = 2 superconformal, well defined and invertible in a neighborhood of (oo, 0, 0) 
and vanishing at (z,8 + ,8~) = oo if and only if H(l/ z,i8 + /z,i6~ / z) = (z,9 + ,9~) 
is of the form (|3~T8l - f3T9]l . 
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Explicitly, we have that if H(z,9 + ,9 ) = (z,9 + ,9 ) is N = 2 superconformal 
and invertible in a neighborhood of infinity and vanishing at infinity, then 

(3.20) z = y( . ) aUkZ-*- k - 1 + . 3 ~ k ™+m- lZ -*- k - 2 



j,feeN 



+ i0 + atm,, 1 z 3 k 2 +i9 a.mt.iZ j k 2 
- 9+9-(j + k + 2)m+ ! mr x z^'*' 3 ) 
{3.21)0* = ^2(nif + ,z-^- 1 +i9 ± afz- 3 - 1 T0 + 8-(j + l)mf + ,z- : >- 2 

for 4 e (A*- 2 ) x > 4 e A2-2. for J e z +' and e Ai- 2 > for 3 e N. 
4. Complex supermanifolds, N — 2 super-Riemann surfaces and N = 2 

SUPERSPHERES WITH TUBES 

In this section we give the definitions of supermanifold, N — 2 super-Riemann 
surface and genus-zero N — 2 super-Riemann surface which we call an "N — 
2 supersphere" . We then study N — 2 superspheres with ordered and oriented 
tubes and show that these are superconformally equivalent to N = 2 superspheres 
with ordered and oriented punctures and local N = 2 superconformal coordinates 
vanishing at the punctures. 

A DeWitt (m, n)- dimensional supermanifold over A* is a topological space X 
with a countable basis which is locally homeomorphic to an open subset of (A*)"' © 
(A*)™ m the DeWitt topology. A DeWitt (m, n)-chart on X over A* is a pair ([/, Q.) 
such that U is an open subset of X and Q is a homeomorphism of U onto an open 
subset of (A*) m © (A*)" m t ne DeWitt topology. A superanalytic atlas of DeWitt 
(m,n)-charts on X over A*> n -i ^ s a family of charts {(U a , Q a )}aeA satisfying 

(i) Each U a is open in X, and Uqga U a = 

(ii) Each fi a is a homeomorphism from U a to a (DeWitt) open set in (A*>„_i) m © 
(A*>n-i)"> sucn * na * ^ a ° ^/3 X ' ^p(U a n E/g) — ► ^ q (^q n LTg) is superanalytic for 
all non-empty U a n f/g, i.e., fi a o fi^ 1 = [z\, ... , z m , #i, . . . , 0„) where 5, is an even 
superanalytic A*> n _i _ superfunction in (m, n)-variables for i = 1, . . . ,m, and 9j is 
an odd superanalytic A*>„_i~superfunction in (m, n)-variables for j = 1, . . . , n. 

Such an atlas is called maximal if, given any chart ([/, f2) such that 

fio^ 1 : n fJ {u n c^g) — ► n(u n t^) 

is a superanalytic homeomorphism for all /3, then (U, Q) G {(/7 Q , f2 Q )} Q g J 4- 

A DeWitt (m, n)- superanalytic supermanifold over A*> n -i is a DeWitt (m, n)- 
dimensional supermanifold M together with a maximal superanalytic atlas of De- 
Witt (m,n)-charts over A*>«-i- 

Given a DeWitt (m, n)-superanalytic supermanifold M over A*>n— 1> define an 
equivalence relation ~ on M by letting p ~ g if and only if there exists aG A such 
that p,q S U a and 7r^"' n ' ) (0 Q ,(p)) = 7r^ n ' n ' ) (r2 Q ,(g)) where 7r^ T1 '™' ) is the projection 
given by (|2.5p . Let ps denote the equivalence class of p under this equivalence 
relation. Define the body Mb of M to be the m-dimensional complex manifold 
with analytic structure given by the coordinate charts {((Uc)b, (^a)fl)}oeA where 
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(U a ) B = {pb | P E U a }, and (f2 Q )s : (U a ) B — ► C m is given by (S1 q )b(pb) = 

(m.n) n 
7Tb o ll a {p). 

We have that M is a complex fiber bundle over the complex manifold Mb- The 
fiber is (A*>n-i)s © (A*>n-i)™' a possibly infinite-dimensional vector space over 
C. This bundle is not in general a vector bundle since the transition functions are 
not in general linear. 

For any DeWitt (1, n)-superanalytic supermanifold M, its body Mb is a Rie- 
mann surface. An N — 2 super-Riemann surface over A*>i i s a DeWitt (1,2)- 
superanalytic supermanifold over A*>i with coordinate atlas {{U a , Q a )} ae A such 
that the coordinate transition functions f2 Q o Q^ 1 in addition to being superanalytic 
are also N — 2 superconformal for all non-empty U a nUp. Since the condition that 
the coordinate transition functions be superconformal instead of merely superana- 
lytic is such a strong condition (unlike in the nonsuper case), we again stress the 
distinction between an N = 2 supermanifold which has superanalytic transition 
functions versus an N = 2 super- Ricmann surface which has N — 2 superconformal 
transition functions. It would be perhaps more appropriate to refer to the later 
as an U N — 2 superconformal super-Ricmann surface" in order to avoid confusion. 
In fact, in the literature one will find the term "super-Riemann surface" or "Rie- 
mannian supermanifold" used for both merely superanalytic structures (cf. [D] ) 
and for superconformal structures (cf. [F], |CR| ). However, we will follow the ter- 
minology of [F] for the N = 1 super case and refer to an N = 2 superconformal 
super-Riemann surface simply as an N — 2 super-Riemann surface. 

By N — 2 supersphere we will mean a (superconformal) N = 2 super-Riemann 
surface over A*>i such that its body is a genus-zero one-dimensional connected 
compact complex manifold. 

An N = 2 supersphere with 1 + n tubes for n £ N, is a supersphere S with 
one negatively oriented point pq and n positively oriented points p\,...,p n (we call 
them punctures) on S which all have distinct bodies (i.e., (pj)b (jPkjB if 3 7^ k, or 
equivalently pj is not equivalent to pk for j =/= k under the equivalence relation ~) 
and with local N — 2 superconformal coordinates (Uo, SIq), . . . , (U n , tt n ) vanishing 
at the punctures po, ■ ■■ ,Pm respectively. We denote this structure by 

(S;p , ...,p n ; (t/o,n ), (u n ,n n )). 

We will always order the punctures so that the negatively oriented puncture is po. 

The reason we call a puncture with local N — 2 superconformal coordinate van- 
ishing at the puncture a "tube" is that such a structure is indeed superconformally 
equivalent to a half-infinite N — 2 superconformal tube representing an incom- 
ing (resp., outgoing) N = 2 "superparticle" or "superstring" propagating through 
space-time if the puncture is positively (resp., negatively) oriented. For r S R+, 
denote by 

B r ZB = {w B E C | \w B - z B \ < r} (resp., B r Zg = {w B € C | \w B - z B \ < r}) 
an open (resp., closed) ball in the complex plane about the point Zb with radius r. 
Denote a DeWitt open (resp., closed) ball in A*>i©(A*>i) 2 about (z,9 + ,9~) of 
radius r by 

Bl=B r ZB x ((A° >1 ) S ©(Al>i) 2 ) (resp., W Z = K B * ((A2>i)s © (Al>i) 2 ) • 
(Note that B r z depends only on zb and r.) Let p be a positively oriented puncture on 
an N = 2 supersphere with a local coordinate neighborhood U and superconformal 
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local coordinate map : U — ► A*>i ®(A!>i) 2 vanishing at the puncture. Then for 
some r € K.+ , we can find a DcWitt open disc B r such that _1 (S5) C C/. Define the 
equivalence relation ~ on A*>i ®(Al>i) 2 by (zi, 9i)~(z2, ^ 2 ^2 ) ^ an d OIU y ^ 
(^i)b = (^2)5 + 2-7rifc for some integer fc, (^i)s = { z 2)s and 0* = # 2 . Then the set 
T r of all equivalence classes of elements of (z, 9 + ,6~) e A*>i©(A!>i) 2 satisfying 
Re(ze) < logr (where Re(zs) is the real part of the complex number zb) together 
with the metric induced from the DeWitt metric on A*>i ®(A^>i) 2 i s a half-infinite 
tube in the body and is topological^/ trivial in the soul. Letting H(z,9 + ,8~) = 
{\ogz,6+^/T/z,6- ^/T/z), the map q ^ H(Q(q)) from fi -1 ^) to r r is a well- 
defined invertible N — 2 supcrconformal map. A closed curve on the N = 2 
supersphere shrinking to p corresponds to a closed loop or "superstring" around this 
half-infinite super-cylinder tending towards minus infinity in the body coordinate. 
We can perform a similar supcrconformal transformation for the negatively oriented 
puncture with local coordinate in order to recover the half-infinite outgoing tube. 

In N = 2 supcrconformal field theory, one generally wants to consider N = 2 
superspheres and higher genus super-Riemann surfaces with m e Z + negatively 
oriented (i.e., outgoing) tubes and neN positively oriented (i.e., incoming) tubes. 
However, for the purposes of this work, we restrict to genus zero and m = 1. 

Let (S-l;po, ...,p n ; (Uo,tto), ...,(U n ,n n )) and (S 2 ; qo, ...,<?„; (V , S ), (V n , S„)) 
be two N = 2 superspheres with 1 + n tubes. A map F : Si — > S2 will be said to 
be TV = 2 superconformal if Ep o F o fi" 1 is N — 2 superconformal for all charts 
(U a ,Q a ) of Si, for all charts (Vp,Ep) of S 2 , and for all (z,0 + ,6~) e il a (U a ) such 
that F o fi~ 1 (z, 6 + , 6~) e Vp. If there is an N = 2 superconformal isomorphism 
F : Si — > S2 such that for each j = 0, n, we have F(pj) = qj and 

for Wj some DeWitt neighborhood of pj , then we say that these two N — 2 super- 
spheres with 1 + n tubes are superconformally equivalent and f 1 is a superconformal 
equivalence from 

(Si;p , ■••,£>«; (i/oj ^0), (f/n, ^n)) 

to 

(S2; go, • <? n ; (Vb, So), (14, S„)). 
Thus the superconformal equivalence class of an N — 2 supersphere with tubes 
depends only on the N — 2 supersphere, the punctures, and the germs of the local 
coordinate maps vanishing at the punctures. 

5. The moduli space of N = 2 super-Riemann spheres with tubes 

In this section we define the N ~ 2 supcr-Ricmann sphere and the moduli space 
of N — 2 super-Riemann spheres with tubes. We introduce canonical N = 2 
superspheres with tubes, and show that any N = 2 supcr-Ricmann sphere with 
tubes is N = 2 superconformally equivalent to a canonical N = 2 supersphere 
with tubes. In addition, we show that two different canonical N = 2 superspheres 
with tubes are not N = 2 superconformally equivalent. This shows that there is 
a bijection between the set of canonical N = 2 superspheres with tubes and the 
moduli space of N — 2 super-Riemann spheres with tubes. 

Remark 5.1. In subsequent work, we will want to consider functions on the moduli 
space of N = 2 super-Riemann spheres with tubes which are superanalytic or 
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supermeromorphic. These superfunctions will in general involve an infinite number 
of odd variables — not only the odd part of the coordinate for the finite number of 
punctures but also the possibly infinite amount of odd data involved in describing 
the local coordinates about the punctures. (See Remarks 15.51 and 15.61 below.) In 
this case, we need to work over /\ if we want all multiple partial derivatives with 
respect to these odd variables to be well defined. Since it is no harder to work over 
an infinite Grassmann algebra, from now on, this is what we will do. One may 
always later restrict to some f\ L for L E N when substituting for these variables 
in the functional part of the theory or restrict to the supermanifold substructure 
defined over f\ L (see |B4j ) for geometric aspects of the theory. 

Let S" 2 C be the genus zero N — 2 super-Riemann surface over Aoo (meaning of 
course over Aoo ©(Aoo) 2 ) with superconformal structure given by the covering of 
local coordinate neighborhoods {Ua, Ut} and the local coordinate maps 

(5-1) A:U A — > AL©(AL) 2 

(5.2) r-.uy — > AL©(AL) 2 > 

which are homeomorphisms of Ua and Uy onto AL®(AL>) 2 > respectively, such 
that 

(5.3) AoT- 1 :(AL) x ©(AL) 2 — (AL) X ©(AL) 2 

\w w w ) 

Thus the body of S 2 C is the Riemann sphere, (S 2 C)b = C = C U {°°}, with 
coordinates wb near and 1/wg near oo. We will call S 2 C the N = 2 super- 
Riemann sphere or just the super-Riemann sphere and will refer to T _1 (0) as the 
point at (oo, 0, 0) or just the point at infinity and to A -1 (0) as the point at (0, 0, 0) 
or just the point at zero. 

An N — 2 super-Riemann sphere with 1 + n tubes for n G N, is an N = 2 
supersphere with 1+n tubes such that the underlying N = 2 supersphere is the N = 
2 super-Riemann sphere. The collection of all N = 2 superconformal equivalence 
classes of N = 2 super-Riemann spheres over Aoo w ith 1 + n tubes is called the 
moduli space of N = 2 super-Riemann spheres over /\ with 1 + n tubes. The 
collection of all N — 2 superconformal equivalence classes of N = 2 super-Riemann 
spheres over Aoo with tubes is called the moduli space of N = 2 super-Riemann 
spheres over Aoo with tubes. 

Remark 5.2. The results we obtain in this paper on the moduli space of N = 2 
super-Riemann spheres can be extended to the moduli space of all N = 2 super- 
spheres, i.e., all N = 2 super-Riemann surfaces with genus-zero compact body, 
provided that the following conjecture is true. 

Conjecture 5.3. Any N = 2 super-Riemann surface with genus-zero compact body 
is N = 2 superconformally equivalent to the N — 2 super-Riemann sphere S 2 C. 

However, for the results stated in this paper, we do not need or use this conjec- 
ture. 
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The Lie supergroup of superconformal automorphisms of S 2 C is the group of 
N = 2 superprojective transformations (w,p + ,p~) i— ► (w,p + ,p~) given by 

_ aw + b + e+(^-w + S~) + (f + w + h + )(j-w + S~) 

( 5 - 4 ) w = — ~i + p — i — r^2 — + p ? — r^3 

cw + d (cw + dy (cw + a)* 

_e~('j + w + 5 + ) _(f~w + h~)(-f + w + 5+) 
+P — 7 — 7~K9 V P 



(cw + d) 2 ' (cw + d) 3 

+r T P~ 



+ _ 2j + j~dw - (7 + 5~ + <5+7~)(cw - d) - 25 + 5~c 



(cw + d) 3 

~+ 7+W + 5+ + e+ + f+w + h+ + _j+d-S+c 

(5.5) p + = l~r + P —7i + P 7 TT^+P p 1 T^2" 

cw + d cw + d (cw + dy (cw + d) 

j~w + 5~ e~ _f~W + h~ , _j~d-5~c 

5 - 6 ) p = tt~ + p — t^ + p i — ~1xt~p p i — r~rvr 

cw + d cw + d (cw + dy (cw + dy 

for a, 6, c, <f, e ± , /±, /i ± € AIL and 7 ± 5 <J± G AL satisfying 



(5.7) 


ad — be 


= 1 




(5.8) 


e + e~ 


= i - 7+<r + <r 




(5.9) 


/ ± 


= =Fe ± 7 + 7 _ (i 




(5.10) 




= ie^+fTc- 


( 7 + <r + 5+7")d T 7 + 7~d) 



Below we give an explicit description of how these N — 2 superprojective trans- 
formations act on S 2 C In Section[7l we give a more detailed description of how this 
Lie supergroup and its action on S 2< C is derived and also point out errors in pre- 
vious claims of descriptions of the group of N = 2 superprojective transformations 
acting on S 2 C, including counterexamples to several of the presentations given in 
the literature. 

We first note that using conditions (|5.9p and (|5.10[) . we have 
(5.11) (f±w + /i ± )( 7 =F ui + S T ) = ±e ± 5+S-^(cw + d), 



and thus w can be simplified from (|5 .4[) and in general the N = 2 superprojec- 
tive transformations given by (15. 4|) - (|5.6|) satisfying conditions (15. 7|) - (|5.10j) are 
equivalent to 



(5.12) w 



"(7 w + 6 + 5 + S 7 ) 



cw + d (cw + d) 2 

^ _ e~ ("f + w + 5 + — S + 5~"f + ) 

^ (cw + d) 2 

+ + 2j + j~dw - (-f + S~ + 5+j-)(cw - d) - 25+5~ 



(cw + d) 3 



5.13 p + = 1 — — r + <° — 77 

cw + d cw + d 



,e + (— 7 + 7 dw + S + S c—0y + 5 + S + ~/ )d — 5 + <5 7 + 7 d) 
-P 



(cw + d) 2 



. + -V d 
+P P 



(cw + dy 
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7 W + S e 
(5.14) p" - i 



cui + d cm + d 

_ e~(j + j~ dw — 5 + S~c + (7 + <5~ + 5 + j~)d — 5 + 5~~/ + j~d) 
+p t =rs 

[cw + dy 

, _ 7~c? — 5~c 
[cw + ay 

for a, 6, c, d, e ± <E AL and -y ± ,S ± G AL satisfying 

(5.15) ad -be = 1 

(5.16) e + e~ = 1 - 7+ 5" + 6 + 7~ . 

If T : 5 2 C — ► S 2 C is an iV = 2 superprojective transformation, then T can be 
uniquely expressed by A o T o A -1 as follows. We define Ta = A o T o A -1 by 

T A :(AL^({-^/^}x(AL)s))©(AL) 2 — 

(aL\(w/ cs }x(aL)5))©(aD 2 

with (w,p + ,p~) given by (|5.4|) - (|5.6[) satisfying (|5 . T[) - (|5. 10[> . and we define 
T T = ToTor 1 

rT:(AL\({-a B /& B }x(A oo )s))®(AL) 2 — 

(AL>({^/6 B }x(AL)5))©(AL) 2 
(w,p + ,p~) i ► (w,p + ,p~), 

with (w,p + ,p~) given by 

(5.17) * = ^- t p+ e+(7 ' + ^+^ 7 ' H 
v ' a + bw (a + bw) 2 



e 



"(7+ + {5+ - S+5~-y+)w) 



~ l P 1 1 — ^5 

(a + bw) z 

+ _ 2j + -f~b - (7+5~ + 5 + j~)(a - bw) - 25 + 8~aw 
P P (a + bw) 3 

„, 7 + + S + w , e + — 7 + ( i )~ — J + 7 _ — j + S + 6~j~ 

(5.18) p+ = -| - ; — +p + 



a + bw a + bw 

, e + (<5 + 6~aw — 7 + 7 _ 6 + ( 7 + <5~ + (5 + 7 ~)a + 7 + <5 + <5~7~a) 
+P (a + bw) 2 



+ip p 



i _ 7 + fe — <5 + a 



(a + fry) 5 



^ + 5 w _e + 5 + j + 7 + 5 — (5 + <5 7+7 

5.19) p = -i — + p — 

a + bw a + bw 

_ e~(—5 + S~aw + 7 + 7 ~6 — (<5 + 7~ + j + S~)a + 5 + 5~j + "/~a) 

+P (a + bw) 2 

. _i_ _ 7~& — S~a 

P P (a + bw) 2 

That is T r (w,p+,p-) = I' 1 o T A o J(w,p+,p-) for (w,p+,p-) € ((AL) X \ 
({-a B /6 B }x(A° co )5))®(AL) 2 - 
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Note that Ty(w,p,p) — (w,p + 7 p ) is of the form (|5.12|) - (I5.14| satisfying the 
conditions (|5.15|) and (|5.16|) . This can be seen by letting 

(5.20) a = d, b = c, c=b, d=a, j ± = -iS ± , 6 ± = -i^ 
and 

(5.21) g± = e ± + (l + S- + 5+-D - S+5--/+J-. 

Then we define T : S 2 C — > S 2 C by 
(5.22) 

A- 1 o T A o A(p) if p e U A x A-i(({-d B /c B } x (Al) s ) © (AD 2 ), 
T- 1 o T T o Tip) if p € Uy \ ^(({-as/M x (AL)s) © (AL) 2 ) ■ 

This defines T for all p £ S 2 C unless: 

(i) ag — and p G T-^W x (A°Js) © (AL) 2 ); or 

(ii) d B = and p e A-H({0} X (AL)s) © (AL) 2 )- 
In case (i), we define 

(5.23) Tip) = A' 1 ( i±jH! + ^ e+ | 7 ' ± ^ + zp+ (/+ ± f w) ^: 3 + ^ 
v ; v ' \c + dw (c + dw) 2 (c + dw) 3 

(7++<5+w) ._(/" + h~w)(-f + + 5 + w) 



Tip) = 



e 



+ ip -. -j— h ?p 



PC 



(c + dw) 2 ' (c + dw) 3 

_ 27+7~d - (7+5" + (5+7 _ )(c - dw) - 2S+5~cw 



(c + dw) 



7 + + S + w , e + + f + + h + w , _7 + <i— <5 + ( 
1 1 h«p 7 -j— r« P P 



c ■ 



dw c + dw (c + dw) 2 (c + dw) 2 ' 

7~+<5~w _ e~ . _f~+h~w , _7~d — <5~c 
c + dw ^ c + dw ^ (c + dw) 2 ^ ^ (c + dw) 2 

for T(p) = (w,p+,p~) = (w S ;P + ,p~)- 
In case (ii), we define 

(5.24) 

i / cw + d , e + (7~w + J~ + 5 + <5~7~) _ e~(7 + w + 5 + — 5 + 5~7 + ) 

T (P) = T I 77^-P — I P 7—— JT2 



aw + 6 (aw + 6) 2 ' (aw + b) 2 

_ 2-f + -f~bw - (j + 5~ + (5+7 _ )(aw - 6) - 25+5~a 



P P 



(aw + 6) 3 



. 7 + w + <5 + . i e + — 7 + i5 — 5 + 7 — "f + 5 + 5 7 



* ~ l P 

ip 



aw + b ' aw + b 

+ e + (5 + 5~a — 7 + 7~ bw + (7 + <5~ + (5 + 7~)aw + 7+ <5 + 8~ 7" aw) 

(aw + b) 2 



1 _"f + b — 5 + a 7 w + <5 _e + (5 + 7 +7 + <5 — S + S 7 + 7 

(aw + o) z aw + aw + 

_ e~(— 5 + 5~a + 7 + 7~6w — (<5 + 7~ + 7 + <5~)aw + <5 + <5~7 + 7~aw) 

— l P 7 

(aw + o) z 

7~6 — 5~a 



+ «p p 



(aw + b) 2 
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for AO) = {w,p+,p ) = (ws,p+,p )• 

Note that with this definition, T is uniquely determined by Ta, i.e., by its value 
on A(Ua)- Or equivalently, T is uniquely determined by Tr, i.e., by its value on 
T(U T ). 

Let 

B r oo = {{w,P + ,P~) e Al © (AL) 2 I |^| < r}. 

Proposition 5.4. Any N = 2 super-Riemann sphere over Aoo toitft 1 + n tubes for 
n G Z + is N = 2 superconformally equivalent to an N = 2 super-Riemann sphere 
with 1 + n £u6es o/ £/ie /orm 

(5.25) (s 2 C; T-^O), A" 1 ^, 0+ 0r), , A _1 (2;„_i, A" 1 ^); 

(T- 1 (^°),So),(A- 1 (^),HioA),... ) 

(A- 1 ^-), H n _! o A), (A- 1 (££"), JT n o A)) , 

w/iere 

(5.26) S | A -i( B ^o) = i?o ° A, 

(5.27) ■ ■ ■ - (zn-i,et-i,K-i) e (A°oo) x © (AL) 2 , 

(zjOb + 1 ( z fe)s /or j 7^ fc, r , . . . , r n E R+, and H ,...,H n are N = 2 super- 
conformal functions on B r £, B r z \,. . . , B r z "Z\, Bq", respectively, such that if we let 
H (w,p + ,p-) = (w ,po + ,Po )> then 

d d 

(5.28) lim Ho(w, 0, 0) = 0, and lim -7rrr w Po = unl ~^~^ w Po = *> 

w^oo ui^oo C/p ' w^oo £/p 

(5.29) ^-,(9+ (97) = 0, and lim ^ £i ^ } g (AL) X © (AL) 2 , 
/or j = 1, . . . , n — 1; and 

(5.30) H„(0) = 0, and lim ^ °' ° } G (AD* © (AL) 2 - 
Proof. Let 

(5.31) S= (S 2 C;p ,...,p n ;(U ,n ),...,(U n ,n n )) 

be an TV = 2 super-Riemann sphere with 1 + n tubes. We will build in stages an 
N = 2 superconformal transformation that sends S to an N = 2 super-Riemann 
sphere with 1 + n tubes of the form given by the proposition. 

If A(p ) has even coordinate equal to zero, let I\ : S 2 C — > S 2 C be given by 
Aor 1 oA^ 1 ( w ,p+,p-) = {T 1 ) A (w,p+,p-) = I{w,p+,p-) = {l/w,ip+/w,ip-/w). 
Otherwise, p € ?7y> and we take Ti to be the identity. 

Now ToTi(po) = («o,«S",«o) for somc («o.«o"»«o) e AL©(AL) 2 - Let T 2 : 
S 2 C -» S 2 C be given by T o T 2 o T" 1 ^ p+, p") = (T 2 ) r {w, p+ , p") = (w - u - 
p+v- - p-v+,p+ -v+,p- -Vq). 

Note that T 2 oT 1 (p n ) e U A ; let AoT 2 oT 1 (p n ) = {u n ,v+,v~) and let T 3 : 5 2 C -> 
S 2 C be given by A o T 3 o A" 1 (to, p+, p") = (T 3 ) A (w, P+, p~) = {w-u n - p+y- - 
P~v+,p + -v+,p- -v~). 
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Let T = Tz o T 2 o Ti. Then T(S) now has the outgoing puncture at T _1 (0), 
i.e., at infinity, and the last incoming puncture at A _1 (0), i.e., at zero. Now we 
need to fix information about the local coordinate vanishing at infinity. The local 
coordinate at infinity is now given by f^o ° T _1 . Let 

n Q oT- 1 oA- 1 (w lP + ,p-) = (w,p + ,p-). 

Then 

lim t wp^ = ie ± 

to-+oo opt 

uniquely determines e ± G (A!L) X - Let T 4 : ^ be S iven by A o T 4 o 

A-^w lP + lP -) = (T 4 ) A (w,p+,p-) = ((e+e-)- 1 wAe-)- 1 p+Ae + )- 1 p-). 

Let F = T40T. Then F is an N = 2 superconformal equivalence from S to 

(5.32) (S 2 C; T-\Q), A" 1 ^, 9+, 0-), , A^^-i.ti.ti). A_1 (0); 

(F(f/ ), fio ° F -1 ), • • • , (^(Cn), fin o F- 1 )) 

where 

for j = 1, . . . , n — 1. Choose ro, . . . , r n G M + such that 

^cAoFf^), i = l,...,n-l, 
B r *cAoF((J„). 

Then the N = 2 super- Riemann sphere with tubes (|5.32p is N = 2 superconformally 
equivalent to 

(s s fi ; r 1 (0) ) A- 1 ( Zll 9+ 1 «f),...,A- 1 (vi 1 t 1 .Ci).A- 1 (0)| 

(A- 1 ^) U T -1 ({0} x (A Jsr),fio o F- 1 ), {A-^BZ), n x o F" 1 ), . . . , 

(A-^B^l.^oF-'J^A-^BS-J.^or 1 )) 

where 

tf = Ooo^oA^L, 

fl* = O.oF^oA- 1 !^, j=l,...,n-l, 

satisfy ijQgj) , (JE2S), and ([5301) . respectively. □ 

An N = 2 super- Riemann sphere with l + n tubes, for n € Z + , of the form (|5.25|) 
is called a canonical N = 2 supersphere with 1 + n tubes. 

Remark 5.5. A canonical N = 2 supersphere with 1 + n tubes, for n G Z + , is de- 
termined by Oi,0+ 0r),..., 0+-l,C-l) G (AL) X ©(AD 2 - ^.....rn G 
M + and N ~ 2 superconformal functions H ,...,H n satisfying (|5.28|) . (|5.29l) . 
and (|5.30|) . respectively. Consider the N = 2 superconformal power series ob- 
tained by expanding the superconformal functions H$, . . . , H n around T _1 (0) = 00, 
(zi, 61 , 6^), . . . , (zn-i, 0„_n ^n-x)i anc ^ 0' respectively. For k — 0, . . . , n, we will 
denote by both the superconformal function Hk and its power series expan- 
sion. Moreover, if H(w, p + , p~) = (w,p + ,p~), then define H ± (w, p + , p~) = p . 
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By the fact that a power series expansion about zero of an N — 2 superconformal 
superfunction vanishing at zero must be of the form (|3.18|) - (|3.19|) and the power 
series expansion about zero of an TV = 2 superconformal superfunction vanishing 
at infinity composed with I must also be of the form (|3.18p - (|3 . 1 9|) . by the con- 
ditions (|5.28p . (|5.29p , and (|5.30[) and by the fact that the Hk's are one-to-one as 
superanalytic functions on their domains, we have 

(5.33) p T H±{w, p+,p-) = P T (j2 m flf w ~ j +P ± (^+Y, a t (0) ^" i_1 

(5.34) p T H±(w, p+, p-)=pf(Y^ mf^ } w J + P ± J2 



for fe = 1, ... ,n, where (z n ,6+,6-) = 0, a^ [K > G (A^) x , af'™ € AL <_T J € 

AL for J e Z +> s fc(w,p + ,p~) = (w - z fe - p+6j - p-0j,p + -0j,P~ - Ok) a nd ffi 
are superconformal according to (|3.11[) - (|3.14p . Then given ff^ of the form (|5.33[) , 
and (|5.34p . respectively, that are superconformal and vanishing at the punctures 
(at infinity for k = 0, at (zk, 0^, 0^) for k = 1, . . .n — 1, and at zero for fc = n), 
these conditions uniquely determine the H^s by Remark 13.21 

Thus a canonical N = 2 superspherc with 1 + rt tubes, for n € Z+, can be 
denoted by 

(5.35) ((zi,0+,0r), . . . , (zn-ijfl+.^fl^^ro, . . . ,r n ;H , . . .,H n ) 

where Hq, . . . , H n are power series of the form (|5 . 33[) and (|5.34p . respectively, which 
vanish at the punctures and satisfy the superconformal conditions (|3.1ip - (|3.14p . 



Remark 5.6. From Remark 15.51 above, we can readily see that a point in the 
moduli space of N — 2 super- Riemann spheres with l + n tubes, for n G Z + , will in 
general depend on an infinite number of odd variables - the 9^ , . . . , n _i and the 

m f-i/2 e AL> for k = °> ■ ■ ■ ' n > and 3 e Z +- 

Proposition 5.7. Two canonical N — 2 superspheres with l + n tubes, for n G Z +; 

(5.36) #n-i> ^n-i); r o, ■ ■ ■ , r n ; Ho, ■ ■ ■ , H n ) 
and 

(5.37) ((js ls e+ 07), • • ■ , (i„-i, ^_i^-_i);fo, . . . ,f„;# , • ■ ■ , 4.) 

are N — 2 superconformally equivalent if and only if (zj , 0^~ , 07) = (zj t 9j,6j) for 
j = 1, . . . ,n — 1, and iT, = ifj, for j = 0, . . . ,n, as superconformal power series. 

Proof. Let F be an N = 2 superconformal equivalence from (I5.36P to (|5.37p . The 
conclusion of the proposition is equivalent to the assertion that F must be the 
identity map on S 2 C. By definition F is a superconformal automorphism of S 2< C, 
i.e., an N = 2 superprojective transformation. Also by definition we have 

(5.38) F A (0) = AoTo A _1 (0) = 0, 

(5.39) F T (0) = ToFor 1 (0) = 0, 



(5.40) H L i * , fo )=ifooF A 



-l 



dn(i- ,r ) . 
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From (15.38|) and ()5.39|) and the fact that F is a superprojective transformation, wc 
obtain 

(5.41) Fa(w, p + , p~) = (e + e~w, e + p + , e~p~) 

for some e ± S (A L)*- Let H o{w,P + ,P~) = (*0,Po>AT) and H (w : p+,p-) = 
(wo , p o , Pq ) ■ From (|5.28|) , we know that 

lim —^wpQ(w,p + ,p^)= lira — T wpJ(u;,p + ,p~) = i. 

Thus by (TOOl) and 



i = lim ^- T wpJ(u;,p + ,p _ ) = lim — T w{H o F^ 1 ) ± (u;, p+, p~) 

>oo (7p w^oo (7p 



= lim 



9 



dp ± w Po Ve+e-'e 



/ ui p p 



i.e., e = 1. Thus F must be the identity map of 5 2 C. □ 

For N — 2 super-Riemann spheres with one tube, we have: 

Proposition 5.8. Any N = 2 super-Riemann sphere with one tube is superconfor- 
mally equivalent to an N = 2 super-Riemann sphere with one tube of the form 

(5.42) (5 2 C;T- 1 (Q);(T- 1 (B 1/r ) ) H)) 

where 'B\tA~' L (B r ) — H o A, and H(w, p + , p~) = (w, p + , p~) satisfies 

(5.43) lim iJ(w,0,0) = 

5 d 

(5.44) lim , wp^ — lim _ wp = i 

w — *oo (jn* w — too (j n 

,2f^r... n o\ ...-l-i _ lim v ,x±, 

W — >OQ 



(5.45) lim w 2 (w(w,0, 0) - w 1 ) = lim wp* (10, 0, 0) 



These conditions are equivalent to the condition that H can be expanded in a power 
series about infinity of the form II 5. 3 Sty with a^'^ — —a 1 and frX^j^ = 0. 

Proof. Given an N = 2 super-Riemann sphere with one tube, 

(5.46) S = (S 2 t :P ;(U,n)) 7 

if A(p) has even coordinate equal to zero, let T\ : S 2 C — ► S 2 C be given by A o 
Ti o A- 1 (w,p + ,p~) = {T 1 ) A {w,p+,p-) = I(w,p + ,p~) = (l/w,ip + /w,ip-/w). 
Otherwise, p € U~r, and we take T\ to be the identity. 

NowToTi(p) = (u, «+,«-) for some (u,v+,v~) G ALffiCAL) 2 - Let T 2 : S 2 C -> 
S 2 C be given by T o T2 o T _1 (w, p + , p _ ) = (T2)x(if, p + , p~) = (w — it — p + i;~ — 
p~ v + , p + — w + , p~ — 

Let T = T2 o T\. Then T(5) now has the outgoing puncture at Y _1 (0), i.e., at 
infinity. Now we need to fix certain properties of the local coordinate vanishing at 
infinity. The local coordinate at infinity is now given by fl o T -1 . Let 

noT- 1 oA-\w,p+,p-) = (w,p + ,p-). 
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Then 

lim -—riup = ie 

w^oo dp*- 

uniquely determines e ± G (AL)*- Let T 3 '■ s2< ^ -> be S iven by A o T 3 o 
A-^w^p+^p-) = (T 3 ) A (w,p+,p-) = ((e+e-r'wAe-y'p+A^r'p-)- 

Let F = T3 o T. Then F is an A" = 2 superconformal equivalence from 5 to 

(5.47) (S 2 C;T- 1 (0);(F(U),noF- 1 )) 

and fioF -1 o A -1 = Ho where Hq satisfies (|5.28|) . i.e., has a power series expansion 
of the form (|5.33[) . Let H {w, p + , p~) = (wq,Pq , Pq ). Then 

(5.48) lim w 2 (w {w, 0,0) - w' 1 ) = a 

(5.49) lim wpt(w, 0,0) = m ± 

w — >oo 

uniquely determine a G AL and m ± G AL- Let {Ti)A{w,p + ,p~) = (w — a — 
ip + m~ — ip~m + , —im + + p + , —im~~ + p~). Then H = Q o F^ 1 o T^ 1 o A -1 satisfies 
conditions (|5.43|) - (|5.45[) . and there exists some r G R+ such that H is convergent 
in . Thus T4 o F is an N = 2 superconformal equivalence from S to an TV = 2 
super-Riemann sphere with one tube of the required form. □ 

An N — 2 super-Riemann sphere with one tube of the form (|5.42|) is called a 
canonical N = 2 supersphere with one tube. A canonical N — 2 supersphere with 
one tube is determined by r G R+ and an JV = 2 superconformal power series H 
satisfying (|5.43p - (|5.45|) (or equivalently of the form (|5.33l) with a^'' ' = — °^ 
and TUy^ = 0), and can be denoted by (r;H). The following proposition can be 
proved similarly to Proposition 15.71 

Proposition 5.9. Two canonical N = 2 superspheres with one tube (r; H) and 
(f; H) are N — 2 super conf or mally equivalent if and only if H = H . 

From Propositions 15.41 15. 7i 15.81 and 15.91 we have the following theorem: 

Theorem 5.10. There is a bisection between the set of canonical N = 2 super- 
spheres with tubes and the moduli space of N — 2 super-Riemann spheres with tubes. 
In particular, the moduli space of N = 2 super-Riemann spheres with 1+n tubes, for 
n G Z+, can be identified with all (in+n) -tuples ((zi, 6±, 0^), ■ ■ ■ , (z n -i, 9~_ 1 ); 

H ,..., H n ) satisfying { Zj ,fff,6j) G (AL) X © ML) 2 ; mth ^ J ^ fc > 

/or j, fe = 1, . . . , n — 1, and smc/i i/iai -ffo ; ■ ■ • , H n vanish at the corresponding punc- 
tures, are of the form \5. 3 Sty and |5. 3J$ , respectively, and are absolutely convergent 
in neighborhoods of 00, (zi,9f ,0^), . . . , (z n -i,9^_ 1 ,9~_ 1 ), andO, respectively. The 
moduli space of N = 2 super-Riemann spheres with one tube can be identified with 
the set of all power series Ho of the form \5. 3 Sty such that a^'^ = — a 1 and 
m i/2 ^ = ^ an d suc h that Ho vanishes at infinity and is absolutely convergent in a 
neighborhood of infinity. 

6. Infinitesimal N = 2 superconformal transformations 

In this section, we develop a formal theory of infinitesimal N = 2 superconformal 
transformations based on a representation of the N = 2 Neveu-Schwarz algebra 
of superconformal symmetries in terms of superderivations. The material in this 
section is algebraic and independent of the supergeometry studied in the previous 
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sections. However, the results of this section do of course have geometric motivation 
and meaning, and will be applied to the supergeometric setting in Section [8] 

First we recall two generalizations of the "automorphism property" from [FLM 
and develop a formal supercalculus of TV = 2 superconformal power series. Then 
using formal exponentiation, we characterize certain formal superconformal local 
coordinate maps in terms of exponentials of superderivations with infinitely many 
formal variable coefficients. 

An expression of the form e x denotes the formal exponential scries in x. In 
the proof of Propositions 16.41 16.111 and 16.191 we will need the following proposition 
which is a generalization of the "automorphism property" of [FLMJ and was proved 
by the author in |B4| . 

Proposition 6.1. (^ |B4j ) Let A be a superalgebra; let h G A ; let u, v G A; let 
T G (Der A) ; and let y be a formal variable commuting with A. Then 

(6.1) e v{h+T) ■ {uv) = (e yT ■ u)(e y( - h+ ' r > ■ v) 

= { e ^ h + T ) . u ){e yT -v). 

Let R be a superalgebra over C (with identity) . Let x be a formal variable which 
commutes with all elements of R, and let (p be formal variables which commute 
with x and elements of i?° and anti-commute with elements of R 1 , themselves 
and each other. In general, we will use the term even formal variable to denote 
a formal variable which commutes with all formal variables and with all elements 
in any coefficient algebra. We will use the term odd formal variable to denote a 
formal variable which anti-commutes with all odd elements and commutes with all 
even elements in any coefficient algebra, and in addition, odd formal variables will 
all anti-commute with each other. Consequently, an odd formal variable has the 
property that its square is zero. 

For a vector space V, and for even formal variables x\, X2,. . . , and odd formal 
variables tpx, 952, • ■ ■ , consider the spaces 

V[[xi, . . . ,x n ]][ipi, . . . ,ip m ] 



fci, . . . , h„ g N 
tl, . . . ,l m 6 Z 2 



and 



N G Z, 



V((x))[<p + ,tp } = a n x n + ip + Y, b n x n + ip c n 

n=N n=N n=N 

G vj C V[[x,x 1 }}[if + , tp }. 

Then R((x))[ip + , tp~] is a superalgebra as is R((x~ 1 ))[tp + , ip~] with Z2-grading given 
by 

R((x))[cp + ,ip-]° = i?°((x))e^+i? 1 ((x))e^-i? 1 ((x))®^ + ^-i?°((x)) 
Rdx))^^-} 1 = i? 1 ((x))e^ + i? ((x))e( y 3-i? ((^))e^+^-i? 1 ((x)), 

and similarly for i?((ic -1 ))[</2 + , <p~] and s]][</3 + , p~]. 

Define 

8 -r- d 
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Then D are odd derivations in Der(R((x))[tp + , and in Der(i£((a:~ 1 ))[</J + , <p~\). 
Furthermore, D + and D~ satisfy the super-Leibniz rule (12. 2ft for the product of 
any two elements in R[[x, a; -1 ]] [<p + , <fi~] if that product is well defined. Note that 

d 

(D ± ) 2 =0 and [D + ,D-}= D+D- + D-D+ = 2—. 

ox 

A superanalytic (1, 2)-superfunction H(z,9 + ,8~) from a DeWitt open set in 
(A*>o ®(Ai>o) 2 ) to (A?>o ©(A!>o) 2 ) nas a Laurent expansion about z and 0* 
which is an element of (/\1 >0 ®(/\l >0 ) 2 )[[z, z^ 1 }]^ ,6~]. Taking a general coeffi- 
cient superalgebra R, we can write a corresponding formal superfunction in one even 
formal variable and two odd formal variables over R as H (x , ip + , </?~) = (x, (p + , <^ _ ) 
with 

Lp + = + <y9 + ^ + (a;) + tp~ h~ (x) + <p + tp~ <f) + (x) 

(fT = ip~ (x) + ip + h + (x) + Lp~ g~ (x) + if + Lp~ (fT (x) 

where x £ R[[x, x _1 ]][(^ + , tp~] and <^ ± £ R[[x, x _1 ]][<y9 + , (p - ] 1 , i.e., where f(x), 
f + ~(x), g ± (x), h ± (x) £ R°[[x, x-% and ^(as), ^(x), ^(x) £ ^[[x, a:" 1 ]]. 
In Section [3l the operators D ± = + 8 T were used to define the notion of 

N — 2 superconformal (1, 2)-superfunction over A*>o wmcn is a (A*>o ®(Al>o) 2 )~ 
valued superanalytic (1, 2)-function with the condition that it transform D + and 
D~ homogeneously of degree one. This is equivalent to the conditions (|3.11[) - 
(|3.15|) . Thus formally, we define a series 

H(x,<p+,<p-) = (x, £ Rifax- 1 }}^,?-] ®^^- 1 ]}^,?-] 1 ) 2 

to be formally N = 2 superconformal if 

(6.3) x = f(x) + ip + g + (x)ip~ (x) + cp~ g~ (x)i/j + (x) + ip + (p~ (t/j + (x)ip~ (x))' 

(6.4) tp + = tjj + (x) + ip + g + (x) + ip + ip-{t/j + Y{x) 

(6.5) <,5~ = ip~(x) +(p~g~(x) -y + ip-(il)-)'(x) 
and 

(6.6) f(x) = ^ + y(x)ip-(x)-ip+(x)^-y(x)+g+(x)g-(x), 
with 

(6.7) g + (x) + {^ + )'(x) # and 5 "(x) + (VO'fc) # 0. 

Therefore in general a formal N = 2 superconformal series is uniquely determined 
by three even formal series, f(x) and g (x), and two odd formal series i/j (x) 
satisfying the conditions (|6.6p and (16. 7|) . 

We also note that for H{x,ip + ,ip~) = (x,ip + ,tp~), the conditions (|6.3|) - (|6.6|) 
are equivalent to the conditions 

(6.8) £>+<p~ = L>~^+ = D + i - (p-D + (p + = D~x - (p + D-(p- = 

and the conditions (|6.7p are equivalent to the series D + (p + and D~(p~ not being 
identically zero. 

In Section [5j we began the study of the moduli space of N = 2 super- Riemann 
spheres with punctures and local superconformal coordinates vanishing at the punc- 
tures. The punctures on an N = 2 super-Riemann sphere with tubes over /\ can 
be thought of as being at £ AL ©(AIL) 2 * a non-zero point in /\^ ®(A<L) 2 ' or 
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at oo. Since we can always shift a non-zero point in ^ ©(AL) 2 ^° zcr0 : a U local 
superconformal coordinates vanishing at the punctures can be expressed as power 
series vanishing at zero or infinity. Thus we want to study in more detail certain for- 
mal N = 2 superconformal power series H (x, ip + , (p~) = (x, (p + , (p~) with x, (p € 
(xii[[a;]]e^ + Ji[[a;]][^"]©i/3"-R[[a;]]) C i?[[x]]kp+, <p ] or in x' 1 B^x' 1 ]]^ , (p~] since 
these will include the formal N — 2 superconformal coordinates over a superalgebra 
R vanishing at (x, p> + , (p~) = and (x, p> + , (p~) = (oo, 0, 0), respectively. 

First in order to characterize formal N — 2 superconformal functions corre- 
sponding to N = 2 superconformal local coordinates invertible in a neighborhood 
of zero, and vanishing at zero, we note that such an H(x,tp + ,tp~) — (x, </? + , </5~) 
with x,^* <G (xi?[[x]] <y5 + i?[[x]][(/3 _ ] c/? - i?[[x]]) is uniquely determined by even 
formal power series g ± (x) and odd formal power series f/' ± (x) satisfying V' ± (0) = 
and g (0) € (i?°) x , where / is uniquely determined by (|6.6|) since /(0) = 0, and 
where (R°) x denotes the invertible elements of BP. Thus an N = 2 superconformal 
formal power series invertible in a neighborhood of zero and vanishing at zero is 
uniquely determined by 

(6.9) g ± {x) = Y. a t xi > for a t e R ° and a o e ( R °) X 

jew 

(6.10) ip+lx) = V m ± _ 1 x j , formal SiJ 1 , 

and has the form (|6.3|) - (|6.5p . Explicitly, then we have that if H(x,(p + ,(p~) = 
(x,(p + ,ip~) is formal N = 2 superconformal and invertible in a neighborhood of 
zero and vanishing at zero, then x, (p are of the form (|3 . 1 8[) and (|3.19p , respectively, 
with (z,9 + ,9~) = (x,ip + ,ip~). 

Let H(x 1 ip + ,ip^) = (x, yj + ,(^3~) be an N — 2 superconformal invertible formal 
power series vanishing at zero with the coefficient of the <p terms in (p^ , respec- 
tively, equal to one, i.e, such that H satisfies 

(6-11) = L 

ay* (x,tp+,ip-)=(o,o,o) 

Then H is uniquely determined by 

(6.12) (pT^ = ^ I ^ + ^ (mf_ L x j +<p ± afx j ' 




= ^(yj ± (x)+^ ± g ± (x)). 

See Remark 13.21 

We wish to express any such H in terms of a formal exponential of an infinite 
sum of certain superderivations. For any two even formal series g ± (x) G i?°[[x]] 
with constant term equal to one, and any two odd formal series ^(x) <G xi? 1 [[x]], 
we first express ip T (V^ (x) + g ± {x)) £ ip T i?[[x] in terms of ip T times the ex- 
ponential of an infinite sum of superderivations in Der(R((x))[(p + , <p~\) acting on 
ip ± , respectively. Then we prove that this exponential of superderivations acting 
on (x, ip + , ip~) is in fact N = 2 superconformal with the coefficient of the ip term 
in <£F equal to one, respectively, and that there is a one-to-one correspondence be- 
tween such exponential expressions and formal N = 2 superconformal power series 
in _R[[x]][</3 + , ip~] vanishing at (x, (p + , (p~) = with coefficient of p ± in <p equal to 



THE N = 2 MODULI SPACE 27 



Let Aj, for j 6 Z+, be even formal variables, and let A / fJ r _i/2' f° r ■? ^ ^ e oa -°- 
formal variables. Let ^4 ± = {Af}j e z + and .M^ = {Mf_ 1 / 2 }je%+> an d consider 
the Q-superalgebra Q[-4 + , A~ , A4 + , A4~] of polynomials in the formal variables 
Af ,Af , . . . and My 2 ,My 2 , . . . . Consider the even superderivations 

(6.13) m*,^-, . .(^.| + (i+iy(^ +(P -^ r )) 

(6.14) ./,(*,,>+,»>-) = -^^-(p-J?-) 
and the odd superderivations 

(6.15) G ^(,^+^) = -(^(^-^A) ± ,v-V^-^) 

in Der(i?[[x, a; -1 ]] [</j + , </J - ]), for j £ Z. We define the sequences 

(6.16) E Q - ± (A + ,A-,M+,M-) = {Ef{A + ,A-,M + ,M-)} jeZ+ 

(6.17) E 1 - ± (A + ,A-,M + ,M-) = {Ef_, (A+ ,A~ ,M+ ,M~)} jeZ+ 
of even and odd elements, respectively, in Q[A + ,A~, M + , M~] by 
(6.18) 

¥> T (V + (Ef_ L {A + ,A~ ,M + } M-)xi +p ± Ef(A + ,A-,M + 7 M~)x> 



ip^ exp 



+ M+ ! G+ , (x, v +,tp-) + M- ! G- x (x, <p+, ip-)) ) ■ <p±. 

J 2 J 2 J 2 J 2 /I 

As usual, "exp" denotes the formal exponential series, when it is defined, as it is in 
the case of the above exponential of superderivations in 

Der (Q[A+,A-,M+ } M-}[[x}}[<p + ,ip-}). 

The reason for the (p^ multiplier in (|6.18|) . is that we are in fact uniquely defining 
two series 



iP ± (x)+cp ± g ± (x) 
= <P 



± ' J2 [Ef_i(A + ,A-,M + ,M-)x j +tp ± Ef(A + ,A-,M + ,M-)x' 

in Q[A + ,A~, M + , .M~] [[x]] [i^], respectively, by means of (p T times certain series 
in Q[A+,A-,M + ,M }[[x}}[tp+,<p-} (cf. Remark[3J2|). 

Let (i? ) 00 be the set of all sequences {Aj}j G z + of even elements in R, let (i? 1 ) 00 
be the set of all sequences {M 3 _ 1 / 2 }j G z + of odd elements in i?, and let = 
(R ) 00 8 (i? 1 ) 00 . Given any 

(A+, A-,M+,M~) = ({Af} jez+ , {Aj} jez+ , {M+_ , } jez+ , {M~_, } iez+ ) 
= m>AT,M+M7_ h )}J + e{R°°)\ 
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since the Ef {A + , A~ , M + , M~) arc in Q[A + ,A~,M + , M~], for j e wc 
have a well-defined sequence 

S(A + ,A-,M + ,M-) = (£ '+(,4 + , A-,M + ,M-), J B -(A + ,A-,M + ,M-), 

A", M+, AT), A", M+, M~)) 

in (i?°°) 2 by substituting A+, A", M+ and M~ into E 0,± (A + ,A~,M + ,M~) and 
i£ 1 ' ± (.4 + ,.4 _ , + , M~), respectively. This defines a map 

E : (R°°) 2 — ► (i?°°) 2 
(A + ,A-,M+,M-) i ► A-,M + ,M"). 

Proposition 6.2. TTie map E is a bijection. In particular, E has an inverse E -1 . 

Proof. Define the following grading by weight on Q[x, tp + , ip~ , A + , A~ , M + , M.~]: 
ForjGZ+, 

wt x 3 = j wt ^ = \ 

wtAf = -J wt Mf_, = + \ 

wt c = for c e Q. 

Note that extending this grading of Q[x, ip + , tp~ , A + , A~ , A4 + , A4~] to derivations 
on Q{x,tp + ,tp-,A + ,A~,M + ,M~}, we have that wt ^ = -1 and wt — 
Thus letting 



(6.19) T =-g (^+L j (x,^+,^-)+^7J 7 (a ; ,^+, ¥ >-) 

+ M+_ ^ G+_ h (x,<p + ,<p-) + M7_ i G7_ i (x,tp + ,<p-j) 



we have wt T = 0. Therefore, e r • ^ are both homogeneous of weight 1/2 in 
Q[A+,A-,M+,M-}[[x}][ip+,ip-}. 
Note that 

=F T ± 

</v e • ip 

±iMj_^ + ^-^-^ + irV + ^tV + • • • 



where any term in T k ^p ± has order fc in the A^'s and M^_ L 's. 
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Thus by the definition of E^(A + ,A~, M + , M~), for k G ±Z + given by 
we see that, for j S Z+, 



(6.20) = i±i^+±^T +r±(^+,^-,M+,M-), 

and 



(6.21) £ ± _ 1 (^+,^-,X+,X-) = +r ± _ i (^+,^-,X + ,X-) 

J 2 2 ■? 2 

where („4 + ,.4T,.M + ,.A/f~) G Q[.4 + ,„4~, M + , M~] is homogeneous of weight -k 
for fc S iZ + and only involves terms of degree at least two in the Af's and -M.f_i 's 

for / G Z+. Therefore rjr must involve only s and Aire's of weight strictly 

2 

greater than fc. That is 

(6.22) rf (A+,A- , M+, Mr) = if (Af, . . . , Af_ v A', . . . , Aj_ v Ml, • . . , 

M+ 1 ,MT,...,MT_ 1 ) 

J 2 2 J 2 

is in 

Q[^..,i+ 1 ,A"...,^i,Alt r ..,^+ i ,^T,...,Al: 1 ], 

J J 2 ** 2 2 ^2 

and 

(6.23) rf_ , (^l + ,^-,X+,X-) = rf_ 1 (A+ . . . ,A+ ,A7 t . . ^Aj^Ml, 

J 2 •* 2 J J 2 

...,M+,M-,...,M~ 3 ) 

J 2 2 J 2 



QHf, . . ^Af^AV,. . .,AJ_ V M1, Vj; ..M ... .,M7 3 ]. 

J J 2 ■'22 J 2 

Given (a + , a~, m + , m~) G (R°°) 2 consider the infinite system of equations 



(6.24) Ef(A+,A-,M + ,M-) = af 

(6.25) E ± _ 1 (A + ,A-,M + ,M~) = m^_ t 

5 2 2 

for the unknown sequence M+,M~) G (i? 00 ) 2 . This system of equations 

is equivalent to 



-Lj (af + aj) = -j^ (E+(A+,A-,M+, M~) + Ej{A+, A~, M+, M~)) 

1 



.4 



j + j^j (rf (A+ , A- , M+ , M- ) + rj (A+ , A~ , M+ ,M~)) 



1 



2 W - a i 



- (Ef (A+ , A- , M+ , M- ) - EJ (A+ , A~ , M+ , M" )) 
AT + - (r+ (A+ , A- , M+ , M~) — (A+ , A" , M+ , M~)) 



ro± = Ef_ 1 (A + ,A~,M + ,M-) 

J 2 J 2 

= Mf_ 1 +rf_ 1 (A+,A-,M+, M~ ) 

J 2 J 2 
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i.e., 

(6.26) -L-( a + + aj) = Af + p±(A+ , A~ , M+ , M~) 

(6.27) ±(aj-aj) = Aj + pJ(A + ,A~,M + ,M~) 

(6.28) mf_ 1 = Mf_ 1 +rf_ 1 (A+,A-,M+,M-), 

J 2 •> 2 J 2 

where pf and r._ L only depend on Ar's for k < j and on i's for k = j 

and k < j, respectively. Thus we can determine (A + , A~, M + , M ~) in terms of 
(a + ,a~ ,m + ,m~) by determining Mf, then , then Mf, then A^, etc. That is, 

2 2 

we determine the Af 's and x in order of weight. It follows that the system of 

J J 2 

equations (|6.26|) - (|6.28p (and thus the system of equations (|6.24[) and (|6.25p ) has 
a unique solution 

(6.29) {A + ,A-,M + ,M~) 

= ({E- 1 )°> + {a + ,a-,m+ 1 m-), (E- 1 ) '- (a+ , a~ ,m+ ,m~), 

{E- 1 ) 1 -+(a + ,a-,m + , to"), (-ET 1 ) 1 ~( a+ i a~, m + , m - )) . 

The proposition follows immediately. □ 

Corollary 6.3. For any two formal power series in R 1 [[x]](B<p B?[[x\], respectively, 
of the form 

(6.30) ^{x) + if ± g ± (x) = i P ± + ( m f-i xj + <P ± afx i> \ 
we have 

(6.31) ^^ ± (x)+^ ± g ± {x)) 



ip T exp I - Y ( ( E 1 )j( a+ > a ,m + ,m )L J (x, tp + , tp ) 

+ {E~ 1 ) J (a + , a" , m + , rrT ) Jj (x, (p + , ip~ ) 

+ (E- 1 )+ 1 (o+, a", m+, m-)G+ 1 (x, ¥ >+, p") 

J 2 -J 2 

+ (E- 1 )- l {a + 1 a-,m + ,m-)G- l (x 1 <p + ,tp-)))-tp ± . 

J 2 J 2 J J 

Proof. Using equation (|6.18|) and the fact that E is a bijection, we have 
^(^ ± (x) + i P ± g ± (x)) 

= f T ( ^ + ( m f- 1 ^ + ^ ± °i ^ ) ) 



^ J6Z+ 
+</r t (£T 1 (a+ , a- , TO+ , wT ) 
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^ T exp 1 )+(a+,a ,m+,m )Lj(x,<p + ,<p ) 

+(£T 1 )t ! (a+, o-,m+, m-)G+_ t (x, <p + ,tp-) 

■> 2 J 2 

+(E- 1 )J_i(a + ,a-,m + ,m-)G7_i(x,p + ,ip-)^ ■ ip ± 



□ 



Proposition 6.4. Let R be a superalgebra and 

(A+,A-,M+,M~) = {(Af,Aj,M+_ 1/2 ,M7_ 1/2 )} jeZ+ e (i?°°) 2 . 

TTien 

(6.32) H(x,(p + ,(p~)=expl-^2 (AfL j {x,<p + ,ip-) + AjJ j (x,<p+,ip-) 

+ M+_ 1 _G+_i(x,<p + ,Lp-) + M-_ h G7_ 1 _(x,L P + ,<p-)^ ■ {x,<p + ,ip-) 

is N — 2 superconformal and is the unique formal N = 2 superconformal power 
series H(x, tp + , ip~) = (x, <p+, <~p~) vanishing at zero satisfying 



_d 

dip 



(x,v>+,¥>-) = (0,0,0) 



= 1 



(6.33) 

(6.34) = ^ + ^ (Ef_ 1 (A+,A-,M+,M-)x j 

+ ip ± Ej^(A + , A~,M + , M~)x^ 
Proof. Let 

(6.35) T=-J2 (AfL j (x,<p + ,L P -) + AjJ j (x,<p + ,<p-) 

+M+_,G+_ i (x, p+, ) + MT_ i G7_ i (a:, v+ . 

Then T e (Der(i?[[x]] [<^ + , <£~]))°, i.e., T is even, and thus 

e r • (x, < / 9 + , ip~) = (e T • x, e r • </? + , e r • </?~) 
is in {R[[x]][p+ ,<p-])° (^[[x]]^,^-]) 1 »]][</>+ ^"J) 1 . Let 



Then /i* e (i?[[x]][(^+, ip ])°, i.e., is even, and we have 
(6.36) [D ± ,T] = h ± (x,tp + ,(p~)D ± . 
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Thus 

(6.37) D ± e T ■ x = e^ ±+T ) ■ D ± ■ x = eS h±+T ^ ■ p*. 
By Proposition 16. 1[ 

(6.38) evi^+r) . = e y(h±+T) . = ^ y T . ^ ( e y(h±+T) . i). 

But in this case, the coefficient of y n for a fixed n G N has terms with powers of 
x greater than or equal to n — 1. Thus we can set y = 1, and each power series in 
equation (|6.38p has only a finite number of x J terms for a given j € N, i.e., each 
term is a well-defined power series in x. Therefore 

(6.39) e^ h±+T ^ ■ ^ = (e T • <p*) ( e ( h±+T > ■ l). 

Thus writing H(x, ip + , cp~) = (e T ■ x, e T ■ ip + , e T ■ <p~) = (x, (p + , tp~), we have 

(6.40) D ± x = e( h±+r ) • ^ = ( e r • <p*) ( e {h±+T ^ ■ l) 

= (e r • ^) (e^ ±+r ) • D ± ■ = (e r • ^) (£>±e T • p±) 

= (p T D ± if ± . 

In addition, 

(6.41) = D ± e T ■ tp* = e^ ±+r ) ■ £>* ■ </? T = 0. 

Thus satisfies the N = 2 superconformal conditions (|6.8p . 

The uniqueness follows from Proposition 16.21 and the fact that H is uniquely 
determined by ip^Cp^- and the fact that x(Q, 0, 0) = 0. □ 

Remark 6.5. That T as defined by (|6.35[) is an even superderivation is due to the 
fact that T exists in the i?-envelope of Der(C[[a;]][(£> + , ip~]); see Remark |2. II This 
fact is crucial for the development of the moduli space of N — 2 super-Riemann 
spheres with tubes in terms of exponentials of infinitesimal N — 2 superconformal 
transformations following |H2| and |B4| . It means that we are working in the 
envelope of a Lie superalgebra which, by definition, is an ordinary Lie algebra. 

Now we would like to include in our study of formal N = 2 superconformal power 
series vanishing at zero, those with the coefficients of ip ± in (p , respectively, equal 
to an invertible even element of R but not necessarily equal to one. 

For b € (i?°) x , we define the linear operators b 2x & and b v °f ± from re -1 , 
ip + , tp~] to itself by 

(6.42) b 2x ^ ■ c(ip + Y + (<p-) r x k = c(<p+y + (<p-) r b 2k x k 

(6.43) b v± ^ ■c( V + y + (<p-) r x k = cb j± ((p+y + (tp-) j ~ x k 

for c € R, j € Z2, and k € Z. Then, recalling the notation (|6.13|) and (|6.14|1 . the 
operators 

(6.44) b -*Lo(.",<P + ,V-) = b^m+iv+^T+f-^r)) = b 2x^ & V+^^-^r 

(6.45) b -M*,<p + ,v>-) = b (^ + o^T-^e^) = h v+ ^ : b~' p ~^= 

are well-defined linear operators on R[x, x~ , ip + ,cp~]. These operators can be 
extended to operators on R[[x, x^ 1 ]] [ip + , ip~] in the obvious way. We note that 



THE N = 2 MODULI SPACE 



33 



for any formal series H (x, f> + , ip ) € R[[x,x 1 ]][ip + ,(p ], we have 

(6.46) a -2L (x, ¥ +,<p-) . b -Mx, v +, v -) . (ft + jip -) 

= H(a- 2Lo( - x ^ + ^ ) ■ b-M*,v> + ,<p~) . fa <p+<p-)) 
= H(a 2 x,abip + ,ab <p~). 

If H is of the form l|6.32p . in order for H(a 2 x,ab(p + ,ab (p~) to correspond to 
an invertible local coordinate chart vanishing at zero, we must have a G (R°) x , i.e., 
a must be an invertible even element of the underlying superalgebra R. 

Remark 6.6. One might wonder why we choose the slightly strange looking ex- 
pressions a 2x ^ and a~ 2Lo ^' ¥,+ ' v ~) rather than a x & and a~ La ^ x '' fi+, ' p ~\ for a e 
(R°) x . The reason is that for a G (R a ) x , we have a -Lo(x, v + , v -) . H(x,tp+,y-) = 
H(ax, \faip + , ^/a ^^v - ), where (v^) 2 = a - This forces one to define a square root 
on (R°) x , which is equivalent to choosing a branch cut for the complex logarithm 
when R — /\ <f . However, it is more natural to give y/a = a! , an invertible even 
element of R, as the basic data avoiding the need to keep track of a well-defined 
square root on (R°) x . With this in mind, we note that the operator a~ 2LatyX ^ ' v > 

should not be read as (a 2 )- 1 -"^) but as a( 2x ~ s * + ( v+ ~^ T+V W^)) thus retaining 
the basic data a rather than just a 2 . 

Proposition 6.7. Let a,b G {R°) x . Then 

(6.47) a -2L a (x, v +, v ~) . b -Mx, v +, v ~) . fa ip + >l p-) = ( a 2 x, ab<p + , ab' 1 cp~) 
is N = 2 superconformal. 

Proof. Writing (a 2 x, abip + , a& _1 </?~) = {i,ip + ,(f~), we have that 

D-<f + =D+fi- = 
D + x — <p~ D + (p + = tp~ a 2 — ab^ 1 ip^ ab = 
D~ x — (p + D~ (p~~ = ip + a 2 — abip^ ab" 1 = 0, 

showing that (a 2 x, abip + , a6 _1 </? _ ) satisfies the conditions (|6 ,8[) . □ 
Remark 6.8. For a, b G (i?°) x , since 

(6.48) (a 2 x, ab<p + ,ab- l y-) = ((-a) 2 x, (-a)(-b)(p + , (-a)(-&)"V") 
we have that 

(6.49) a -2io(^+^-) . & -Jo(x, P +, v -) . fa (/3 -) 

= (_ a )-2io(x lV +,y-) . (_ b yMx, V + , v -) . (a; jV ,+ )¥ ,-). 

Thus the map (a, 6) i-> (a 2 £, a6y + , ab~ l cp~) lrom (2?°) x x (i?°) x to the set of 
invertible N = 2 superconformal functions of the form (a±x, a2<p + , a^ip^), for 
ai,a2,&3 G (i?°) x , (i.e. with 0203 = a±) is two-to-one. 

For any (A+ , A~, M+ , M~) G (i?°°) 2 , we define a map 25 from (i?°°) 2 to the set 
of all formal N = 2 superconformal power series vanishing at zero and with the 
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coefficient of tpr in ipr 1 equal to one, respectively, by defining 

(6.50) ip T E ± {A + ,A-,M+,M~)(x,(p + 7 (p-) = <^ T (V 

+ ( E f- 1 ( A+ 1 A ~ > M+ . M ~ ) x3 + ^ E t ( A+ > A ~ . M+ - M ~) xi ) ) 

and letting -E(A + , A - , M + , M~)(x, <y3 + , <y9 _ ) = {x,(p + ,(p") be the unique formal 
N = 2 superconformal power series vanishing at zero with even coefficients of f 
equal to one such that E ± (A + , A~ , M + , M~)(x, ip + ,tp~) = ^ ± and such that ([630]) 
holds. 

For a,Q,b Q G (i?°) x , we define a map £ from ((-R°) x x R°°) 2 to the set of all 
formal N — 2 superconformal power series vanishing at zero and with invertible 
leading even coefficients of (p* as follows. Let E{A + , A~, M + , M~)(x, tp + , <p~) = 
(x,(p + ,<p~). Define 

(6.51) E(a ,b , A + ,A~ ,M + ,M~)(x,<p + ,<p~) = {a 2 x, a Q b <p + , a &o 1 (p-). 

Then E(ao,bo, A + , A~ , M + , M ~ ) (x , tp + ,(f~) is the unique formal N = 2 supercon- 
formal power series satisfying (|6.51|) with even coefficient of equal to aob^ 1 , 
respectively. 

Remark 6.9. By Remark 16.81 E is not bijective; it is two-to-one. If, however, we 
restrict the domain of E to ((i?°) x ) 2 /(±l) x (i?°°) 2 , then E is bijective. 

The following theorem is an immediate consequence of Propositions l6.2[ 16.41 16.71 
and Remark [631 

Theorem 6.10. The map E from ((i?°) x ) 2 /(±l) x (i?°°) 2 to the set of all formal 
N = 2 superconformal power series vanishing at zero with invertible even coeffi- 
cients of ip is a bijection. 

The map E from (R°°) 2 to the set of formal N — 2 superconformal power series 
vanishing at zero with even coefficients of (p equal to one is also a bijection. 

In particular, we have inverses E~ x and E . 

Specifically, for (do, bo, A + , A~,M + , M~) G ((i?°) x ) 2 /(±l) x {R°°) 2 , we have 

(6.52) E(a , b 0l A+ , A~ , M+ , M~)(x, <p~) 
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(6.53) E{A + ,A-,M + ,M-){x 1 lp + ,l P -) 

= exp I - lA+L J {x,ip + ,tp-) + AjJ j (x,tp + ,cp-) 
V J6Z+ ^ 

+M+ L G+-_ k {x,<p+,<p-) + M~ i G7_ i (x, V + , V - ) 

J 2 ■■* 2 J 1 J '2 

■(x,(p + ,ip~). 
We will use the notation 

(6.54) T^fop+yr) = - ^ f(E- l )f(a+,a-,m + ,m-)L j (x,<p+,<p-) 

+ (i?~ 1 )~(a + , aT, m + , toT) Jj(:z;, </? + , y> _ ) 

+ (^- 1 )+ 1 (a + ! a-,TO + ,TO-)G+ ^x,^,^) 

J 2 J 2 

j 2 j 2 y 

for H(x, tp + , = (i, (/3 + , vanishing at zero and formally N = 2 superconfor- 
mal satisfying 

(6.55) (fi^ip* = <p T a a b± 1 (ip ± + (mf_ix j + ip ± afx j ^ 

for some (a , b , a+ , a", m+, m") G ((i?°) x ) 2 /(±l) x (i?°°) 2 . Thus any such N = 2 
superconformal power series <^~) can be written uniquely as 

(6.56) H(x, <^+, V -) = e T »^ + '^ ■ a ~ 2 M^+^-) . b -M*,v + ,<p-) . ^ y+^-y 

Recalling (|5.34p . we know that a local N = 2 superconformal coordinate map 
H(w,p + ,p~) = (iv,p + ,p~) vanishing at G /\ is completely determined by 
/rFp* = p =F (V ,± (w) + p ± 3 ± (u')), i.e., is completely determined by g ± (w) and ■0 ± (ui) 
where 5 ± (w) can be expanded in a power series of the form clq (w + X}jgz w^*" 1 ) 

with Oq G (A!Li) X an< ^ a ^-i/2 e Aoo' an< ^ '0 ± ( w ) can be expanded in a power series 
of the form X^ez + m f-i/2 w '' w ith m^Li/z G Aoo' sucn that these power series are 
absolutely convergent to g (w) and , ± (w), respectively, in some neighborhood of 
zero. Thus we see that formal N — 2 superconformal power series H(x,tp + ,(p~) 
of the form (|6.56p can be thought of as the "local formal N — 2 superconformal 
coordinate maps vanishing at zero" or the "local formal N = 2 superconformal co- 
ordinate transformations fixing the coordinates of a fixed point to be zero" . From 
(|6.56| . we see that the "local formal N — 2 superconformal transformations invert- 
ible and vanishing at zero" are generated uniquely (except for single-valuedness) by 
the "infinitesimal formal N — 2 superconformal transformations" of the form 

(6.57) {loga )2L Q (x,cp+,(p-) + (logb Q )J a (x,(p + ,<p-)+ ^ (a^L^x, <p + , <f~) 

J6Z+ ^ 

+ Aj J, (x, <p+,<p-) + M+ x G+{x,ip + ,<p-) + M~_ L G- L (x,ip + ,^-)), 

•> 2 •* 2 •* 2 •* 2 / 
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for (oo,&o) € ((i?°) x ) 2 /(±l), and {{A+ , Aj , M+_ 1/2 , M7 1/2 )} jeZ+ € (i?°°) 2 . The- 
orem 16.101 states that these "infinitesimal N = 2 superconformal transformations" 
can be identified with elements in ((i?°) x ) 2 /(±l) x (i?°°) 2 . 

Proposition 6.11. Let u, v £ R((x))[(p + ,tp~]; let (A+, A~ , M+, M~) £ (i?°°) 2 ; 
and let 

(6.58) T=T(x,<p+,tp-) = - (AfL j (x,<p + ,<p-) + AjJ j (x,<p+,<p-) 

+ M+ , G+_ , (x, p+ + M7 t GT t (x, <^+, ^-)) . 

J 2 J 2 ■> 2 ■> 2 I 

Then 

(6.59) e T • (™) = (e r • it) (e T • v) . 

In other words, for T, it, and u given above Proposition 16.11 holds if h = and 
y is set equal to 1. 

Proof. Define a ^Z-grading by weight on R((x))[ip + , ip~] given by wt a — for 
a £ R, wt x k = k, for k £ Z, and wt ip± = \. Then T € Der(R((x))[<p+,<p-]) 
given by (|6.58|) acting on an element u' £ R((x))[ip + , y> _ ] of homogeneous weight, 
raises the weight of it' by | and higher. Thus if wt it' = k £ ^Z, then v j- • it' 
involves terms of weight greater than or equal to fe + §, for n G Z + . Therefore, 
for u £ R((x))[(p + , (/3 _ ], any term in e yT ■ u of homogeneous weight in x, ip + , and 
is a polynomial in y, and thus we can set y = 1. That is e 7 " • it has only a 
finite number of terms of weight k £ ^Z, and thus is a well-defined power series in 
R((x)){ip + , ip~], and similarly for e T • u. Therefore (|6.59[) holds. □ 

Proposition 6.12. Let H(x,ip + ,(p~) £ R((x))[tp + , ip~], and let H be a formal 
N = 2 superconformal power series vanishing at zero given by 

H(x, <p~) = e T «^ + ^-) . {Xj <p+,<p-). 

Then 

(6.60) H{H{x,<p+,<p-)) = H{e TH( - x ^ + ^'> ■ (x,(p + ,p~)) 

= e r *^f + w~) .H( x ,ip+,p-). 

More generally, if H{x, tp + , ip~) £ R[[x, x -1 ]][</j + , ip~] and the composition Ho H 
is well defined, then \6. 60\) holds. 

Proof. Write H(x,ip + ,<p~) = e Tn ■ (x,tp + ,(p~) = (e Tff • x, e Tff ■ ip + ,e TH ■ tp~) = 
(x, tp + ,ip~). Equation (|6.60|) is trivial for H(x, tp + , ip~) = 1, H(x, ip + , ip~) = x, 
and H(x, ip + , (p~) = (p ± . 

(i) We prove the result for H(x,ip + ,<p~) = x n , with n £ N and n > 1, by 
induction on n. Assume e Tff • x fc = (e Tff • x) k for k £ N, k < n. Let H (x, ip + , <p~) = 
x™. Then by Proposition 16. Ill 

e TH ■H{x,ip + ,ip-) = e r » ■ (xx™- 1 ) = (e T « ■ x) (e r « • x™" 1 ) 

= (e T » • x) (e TH • x)" _1 = xx"- 1 - x" = H(H(x, <p + ,<p~)). 
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(ii) We next prove the result for H(x,ip + ,ip ) = x n , n £ Z+. Again by 
Proposition 16.111 

1 = e Tff • {xx- 1 ) = (e TH ■ x)(e Ta ■ x' 1 ). 

Thus 

e T " -x- 1 = (e Tff -x)- 1 . 

Assume e T " ■ x~ k — {e TiI ■ x)~ k for k £ N, fc < n. Let H(x,ip + ,ip~) = x~ n . 
Then by Proposition 16. 11( 

e r » ■ iT(x, p+ p") = e T « ■ [x- l x-( n -V) = (e TH ■ x' 1 ) (e r « • aT^ 1 )) 

= (e r « • a;)" 1 (e r - • i)- (w_1) = J-lj-^D = x~ n 
= H(H(x,cp+,tp-)). 

Thus the result is true for H(x, <p + , <p~ ) = x n , n £ Z. 

(hi) For H(x,(p + ,tp~) = ip x n , n £ Z, we note that by Proposition 16.111 and 
the above cases 

e TH • 99") = e Tff • (^ar") = (e r « • <^ ± ) (e r « • x n ) 

= (e TH ■ p±) (e T " ■ x) n = ^x n = H(H(x, ip + ,(f~)). 

(iv) Finally for H(x,(p + ,tp~) = (p + tp~x n , n £ Z, we note that by Proposition 
16.111 and the above cases 

e T » ■ H(x, f + ,tp~) = e Ta ■ ((p+<p-x n ) = {e Ta ■ (p + ) (e r « ■ 92") (e r « • x n ) 
= <p+(p-x n = H(H(x,p + ,<p-)). 

Since e r » ■ (cp + ) j+ (<p~) r x n £ R((x))[<p + , <p~], for j± = 0,1 and n £ Z, the 
result follows by linearity. □ 

Proposition 6.13. Any formal N = 2 superconformal power series H(x, ip + , (/3 _ ) 
vanishing at zero and with even coefficient of ip^ invertible has a unique inverse 
H (x, ip + , wii/i respect to composition of formal power series, and this inverse 
is also N — 2 superconformal vanishing at zero and with even coefficient of <p 
invertible. 

IfE- 1 (H(x,<p+,<p-)) = (a ,b ,A+,A-,M+,M-), i.e., 
(6.61) 2T(s, 

-) + AjJj(x,(p + ,<p~) 



+M+ j G+ L (x,<p+,<p-) + MT_ l G7_ t (z, ^+ , p") 

J 2 ^ 2 ^ 2 ^ 2 

_ a -2L„(x, v +, v -) >b -Jo(x, V +, V -) . (a . i¥ ,+ )¥ ,-) 
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then 



(6.62) H-\x,<p+,<p-) 



exp ( a o 23A j L j( x >'P + > ( P ) + a o 2jA j Jj(x,ip + ,(p ) 

+af j+1 b M+G+ 1 (x,<p+,<p-) 

J 2 J 2 



2L (x,<p+, V ) ,J (x, v + , v ) , + v 



2L (x,tp + ,tp ) ,J (>,y + ,v ) 
"0 ' °0 



eXP ( X! ( A t L 3{ X i<P + 'V 

+AT J ■ (x,<p + ,<p-) + M+ ,G+ 1 (x,^p + ,(p-) 

J J 1 J 1 



+ M j- xG s _ i (x, <p + , (p~) ) ) • (x, tp + , tfT) 



2L (x,(p + ,ip ) ,J (x,ip + ,ip ) 
In ' Un 



exp(-T H (x,ip + ,(p )) ■ (x,<p + ,(p. ). 



Proof. Using formula (|6.62[) for H l , from Proposition 16. 121 and (|6.46p we have 



x 1 ,ipf,ip 1 )=(o 2 x,a b 1 ifi+,a Q 1 b (p-) 



= H(H 1 (alxi,a b (p^,a b 1 (p 1 ))|, 
= if exp ^ ( AjLj(x u ipf,ipi) + AjJj(xi,(pf,ip^) 

+^/_ i G + _ i {x x , y>+ , ^ ) + M7_ ^ G~_ ^ ( Xl , <p+, ipi)jj ■ 
= H(exp(-T H (xi,(pf,(pi))- 

(x 1 ,i P +,i Pl ))| (xi)¥3 + )¥ , r)=(a -2 :Ciao -l i ,- V+)0 -l bo¥> _ ) 

= exp (-T H (xt,<pf,<Pi)) ■ 

H(x 1 ,( P +,i Pl )\ {xiiV +^- )=(a -2 x a -i b -i v+ a -i boV - ) 

(xi,ipf,(p 1 )=(o 2 s,a 1 h V+> a ) 

= (a^ 1 ,a 6o^^a 6oVr)| (:Cl , ¥J +^ r)=K - x , (I - li , o -V+,a- 1 6a^-) 
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Similarly, from Proposition 16. 12\ and (16.46|) we have 
H~ 1 (H(x, ip + ,ip~)) 




-2L (xi,ipf,tp 1 ) ,-J (x 1 ,(pf,{p 1 ) 
' °0 




,-J a (x 1 ,(p J [,(p 1 ) , J (xi,<pf ,ip 1 ) 2L (xi,<pJ,tpi ) 



exp(-T«(x 1)V + ^ )) • (z ll</5 + ^ ))| {xiiP +,», r)=Wai0a6ov+i0a6 -v-) 




, J (xi,tpJ ,<p, ) , 4- \ 




Since the formal composition of two formal N — 2 superconformal power series is 
again N = 2 superconformal, by Propositions 16 .41 and 16 . 71 and the fact that H^ 1 is 
given by (|6.62[) . the formal power series H~ l (x, ip + , tp~) is N = 2 superconformal. 



Remark 6.14. From the proposition above, we see that the set of all formal N = 2 
superconformal power series vanishing at zero with even coefficient of tp invertible 
is a group with composition as the group operation. This is the group of "formal 
N = 2 superconformal local coordinate transformations vanishing at zero". We 
also see that, the set of all formal N — 2 superconformal power series vanishing at 
zero with even coefficient of ^ equal to one is a subgroup. This is the group of 
"formal N = 2 superconformal local coordinate transformations vanishing at zero 
with leading even coefficient of <p equal to one" . 

Let H (x, ip + , Lp~) and H{x, tp + , tp~) be two formal N — 2 superconformal power 
series vanishing at zero and with even coefficients of cp equal to one, i.e., let H 
and H be of the form (16.32|) such that 



for some (A + ,A~,M + , M~), (B + ,B~,N + , N~) e (i?°°) 2 . We define the composi- 
tion of {A+,A-,M + ,M~) and (B+ , B~ , N+ , N~), denoted (A+, A~, M+, M~) o 
(B+,B-,N+,N~), by 

(6.65) (A + ,A-,M + ,M~) o {B + , B~ , N + , N~) = ^{{H o H){x,ip + ,ip~)) 



□ 



(6.63) 
(6.64) 



E-^Hix,^^-)) 
E-^Hix,^^-)) 



(A+ , A~ , M + , M~) 
(B+.B-,N+,N-) 



where (H o H)(x, ip + , tp ) is the formal composition of H and H. 
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Proposition 6.15. The set (i?°°) 2 is a group with the operation o. Let 
(A+,A-,M+,M-) = {(Aj,Aj,M+_ 1/2 ,M-_ 1/2 )} jez+ e (i?°°) 2 , 

and for any t E R , define 

t(A+,A-,M+,M-) = {(tAf,tAj,tM+_ 1/2 ,tM-_ 1/2 )} jeZ+ . 

Then for t\,t% G R° , 
(6.66) 

(t 1 (A+,A-,M + ,M-))o(t 2 (A + ,A-,M + ,M-)) = {h + t 2 ){A+ , A~ , M+ , M~). 

That is the map t i— > t(v4 + , y4~, Af + , Af~) is a homomorphism from the additive 
group R° to (R°°) 2 . 

Proof. Since the set of all formal N — 2 superconformal power series of the form 
(I6.32|) is a group with composition as its group operation, it is obvious from the 
definition of o that R°° is a group with this operation. Let H t {x, ip + , (p~) = 
E(t(A+,A-,M+,M-)) for t e R°. By Proposition EH 

H ta (H tl (x,i P +, V >-)) = e T ^ x ' v+ - v ~ ) 'H ta {x ) <p+, V -) 

= e t 1 T Bl (jD, V +, v -) _ e t 2 T Hl (,x,<p+, v -) . ( x>y ,+ jy ,-) 

= ^(ti+ts)^,^" 1 ",^") 

= £((ti+t 2 )(^ + ,^",M+,M-)). 

Or equivalently, 

£- 1 (H t2 (H t ± (x , <p + , v~ ) ) = (t ! + i a ) ( A+ , A- , M+ , M" ) . 
But then from the definition of h(A+, A~,M+, M~) o i 2 (^ + , A", M+, M"), 
S" 1 ^ (H tl (x,(p + ,(p-))=t 1 (A + ,A-,M+,M-)o t 2 (A+,A-,M+, M~). 
Thus we obtain equation (|6.66[) . □ 

We now extend this composition o to ((i?°) x ) 2 /(±l) x (i?°°) 2 . Again let H and 
H be two formal N — 2 superconformal power series of the form (|6.32j) such that 
(f6T63]> and ([6T64]) hold, and let 



H a+,a^( x ^ + ^~) = E(a+,ao,A + ,A-,M + ,M-){x,^ + ,^) 

= H (( a of x : a o a o </> + > a (t( a o )~V~) 

H b + b -(x^+^-) = E(b+,bn,B+,B-,N+,N-)(x,v+,<p-) 

= H ((b+fx, b+b^<p + , b+%)- 1 ^) 

for (a+,ao,A+,A-,M+,M-),(b+, B-,N+,N~)e ((i?°) x ) 2 /(±l) x(i?-) 5 

Define 

(6.67) (a+, ao, A+, A~,M+, M~) o (6+ &„, B+, B~ ,N + , N~) 

= E-\(H b + b -oH at -){x,y + ,v-)). 
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Then in terms of the composition defined on (i?°°) 2 by ()6.65|) . we have 

(6.68) (a+ ao , A+,A~,M+, M~) o (6+ 6„ , B+ S", JV+ JV") 

= (a+6+ a -6 -, M+ M~) o {(a+) 2i B/, (a +) 2 ^r, 

(a^) 2i - 1 (a -)- 1 Ar+,,(a+)^- 1 aoiV-,}. eZ+ ). 

Remark 6.16. With the composition operation defined above, ((i?°) x ) 2 /(±l) x 
(i?°°) 2 is a group naturally isomorphic to the group of all formal N — 2 super- 
conformal power series of the form (|6.6ip . i.e., isomorphic to the group of formal 
N = 2 superconformal local coordinate transformations vanishing at zero. See Re- 
mark iH The subset (i? 00 ) 2 is a subgroup of ((i?°) x ) 2 /(±l) x (R°°) 2 isomorphic 
to the group of all formal N — 2 superconformal power series of the form (|6.32p . i.e., 
isomorphic to the group of formal N — 2 superconformal local coordinate trans- 
formations vanishing at zero with leading even coefficient of ^ equal to one. In 
addition, 

{(a+, 1,A+, A-,M+,M-) | a+ e (i?°) x , (A+ , A~, M+, M") e (i?°°) 2 } 

and 

{(l,a -,A+,^-,M+ M-) | a " e (i?°) x , (A+ A", M+, AT) e (i?°°) 2 } 

are subgroups of ((i?°) x ) 2 /(±l) x (R°°) 2 . In Section[7]we continue our discussion 
of subgroups of ((i?°) x ) 2 /(±l) x (R°°) 2 , and in Section [9] we relate these group 
structures to subsets of the moduli space of N = 2 super-Riemann spheres with 
one incoming tube and one outgoing tube and a corresponding "sewing" operation. 

We now want to consider the "formal N — 2 superconformal coordinate maps 
vanishing at infinity." Let H(x,(p + 1 ip^) = (x,ip + ,(p~) be a formal N — 2 super- 
conformal powers series with x, (p^ G x _1 i?[[x _1 ]][y> + , (p~] such that 

(6.69) tp*^ = ^( l -^+J2( m t-i x ~ j + it P ±a f x ~ j ~ 1 )) 

= ^(^ ± (x) + ^ ± g ± (x)). 

for € R° and mf_ 1 / 2 f° r 3 That is, H is N = 2 superconformal 

with leading coefficient of tp ± x^ 1 in equal to i. Then if lim^^oo H(x, 0, 0) = 0, 
H is uniquely determined by (16.69|) . That is H is uniquely determined by ()6.69|) 
(or equivalently g ± (x) and ^(x)) and the requirement that it be N = 2 super- 
conformal and vanishing at infinity (cf. Remark 13. 2p . Explicitly, we have that if 
H(x,ip + ,(p~) = {x^(p + 1 (p~) is formal N = 2 superconformal, vanishing at infinity 
and with leading even coefficient of (^ ± a; _1 equal to i, then x,<p are of the form 
(HOP)) - (|3T2"Tj) . respectively, with (z, 0+, 0") = (x, tp+ , ip~), and with = 1. 
Define 

(6.70) /(^+,*n = 

cf. (|5.3p . Then I is N — 2 superconformal, vanishing at infinity and with leading 
even coefficient of ip ± x~ 1 equal to i. Note that I^ 1 = (1/x, — icp + /x, —i(p + /x) is 
N = 2 superconformal, vanishing at infinity and with even coefficient of Lp^x^ 1 
equal to —i. 
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We now want to use the results we have developed about formal N = 2 super- 
conformal series vanishing at zero to express any formal N — 2 superconformal 
series vanishing at infinity and with even coefficient of (p ± x~ 1 equal to i in terms 
of superderivations in Der(R((x~ 1 ))[ip + , </?"]). 

Let H (x, (p + , tp~ ) be N = 2 superconformal vanishing at infinity and with leading 
even coefficient of ip x~ l equal to i, and let 

(6.71) fl-ifo =Hor 1 (x,<p + ,<p-). 

Then is N = 2 superconformal vanishing at zero and with leading even coeffi- 
cient of (p equal to one. Thus H_i is of the form (|6.56p with a = b = 1 and by 
Proposition 16 . 1 3l has a well-defined compositional inverse HZ\{%, (p + , <p~). 

Note that H o I^ 1 o HZl(x, <p + , ip~), and I^ 1 o HZ\ ° H(x,tp + ,tp~) are well- 
defined formal N — 2 superconformal series with components in ip~] 
and xi?[[a; _1 ]] >p~], respectively. Moreover, it is clear that the compositional 
inverse of H is H~ 1 (x, (p + , <p~) = I^ 1 o HZl(x, ip + , tp~) which has components in 
x- l R[\x]]\ip+,<p-]. 

Recall the even and odd superderivations introduced in (|6 . 13[) - (|6 . 1 5[) . 

Proposition 6.17. Given H(x,tp + ,tp~) N = 2 superconformal vanishing at infin- 
ity and with leading coefficient of (p ± x~ 1 equal to i, we have 



') = cxp( £ U+L-fr 



Hi 


itp + 






X 





(6.72) H(x,<p + ,<p-) = exp( ^ ( A+L^(x, tp+ , tp~) - Aj J_j(x, <p + , <p~) 

+iM+G+(x,<p+,<p-) 

J 2 J I 2 

+*M- 1 G- i (a;, p+p-; 

J 2 J I 2 

= expfr^ri,^,^)). (IX, ^ 

\ \X X X / / \X X X 

for some (A+, A~, M+, M~) £ (R°°) 2 , and for H-t = Hoi- 1 . The inverse of 
H with respect to composition is given by H~ 1 (x, (p + , y>~) = I^ 1 o Hz\{x, ip + , (p~), 
and 

(6.73) H^oI{x, V +,<p-) = ^(1,^,^) 

\X X X I 

( — /l i<p + i(p~\\ , _. 

= expl-T H _A-, , J l-(x,<p ,p )• 



Proof. Since H is N = 2 superconformal vanishing at infinity and with leading 
coefficient of <p x~ l equal to i, the power series 



H-i(x,tp + ,ip )=HoI (x,(p + ,tp ) 
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has components in [<p + , <p ], is vanishing at zero and has leading coefficients 

of ip equal to one. Thus by Proposition 16.41 we have 

H-i(x, (p + ,tp~) 

= expl- ^2 { A t L d x ^ + ^^) + A ~J Jj{ x ,V + 

V JGZ+ 

i G + _ i (x, y>+ , p~ ) + M7_ (x, J • (x, <p+, (p~) 

for some (A + ,A~, M + ,M~) S (i?°°) 2 . Write Z(x, <^+, y") = (l/x,itp+ /x,itp~ /x) = 
(x, <p> + , <p~). By the chain rule 

_i 9 9<3 ± d d dx d d<p T d d 

IX 



(90± £fyj± cJy^ dtp^ dpy* 1 dx dp ± d(fr^ dip ± 
and thus 

n d dx d d ( dp> + d \ ( dip" d 

—x ■ ' 



dx dx dx dx V dx dip + J V dx dtp 

9 . j. _ 2 9 ■ 2 d 



dx dip + dip 

d , , d _ i d 

— h </5 X +J3 1 



dx dip + dp 



Therefore 



H(x, <p+,<p-) = Hor 1 o I(x, ip + ,<p-) = H o r\x, f> + , (p~) = H-!(x, <p+, <p~) 
= exp(T H _ 1 (x,<f + ,ip~)) ■ {x,(p + ,(p~) 

= expl- ^ (AfLj(x,<p + ,<p-) + AjJj(x,<p + ,ip-) 
V jez+ 

+M+ j G+ j (x, £+, 0") + AC i G7_ i (i, <^ + , p - )) ) • (x, £ + ,<p-) 

J 2 J 2 J2J2 / / 

_.J E (W^» + (i±i)*(^ +? --» 



- 



9x/ 



{x,tp + ,p ) 
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+( 1 T i ) I_, ( i ' I+I_1 (- i:E '^+ +i ^ I_1 (- i:E '^)) 

+A~x~ j (iip + x~ 1 (—ix)-J^ — iip~x~ 1 (—ix)-J^- r \ + M + j \ [-ix-^— 

J \ oip+ dip / J 3 y V y^3+ 



x K~ x ')[~a — l-f^x 1 + <p x 



9 , ..+ „-! 9 , ..-.-1 9 



(-* 2 )(£+v + 



V <9cE (9</? + <9</7 



d_ 

\dx 



, _i d _ _-. d 

0(p+ 0<p 

1 iip + iip~ 



^))+j*-'"VVH* )^r)) 



exp(- £ (4 



-1+1 ^ / —j + 1 \ ,• / 4. d d 



dx V 2 J V dip+ r <9y? 

(^-'■5F) +u ^-»(^(^-*-s) 

+( - 3 + iJx-V*.-^) + iM i-i (*~ J+ '(aF - V+ S 



-A- x Hv + 





iip + 






X 





-(-j + l)x 

= expl ^ (AjL-j(x,tp + ,ip-) - AjJ_j(x,tp + ,(p-) 
Vez+ 

+iM+ , G+ (*, p+, v,-) + iM7 x G" , (a, v>+ *r) J 

J 2 -3+2 3~2 -3+2 I \X X X J 

which gives (|6.72j) . 

By Proposition l6.13l we know that H-i(x, ip + , ip~) has a unique inverse, namely 
HZi (x, ip + , <p~), with 

Hll(x,p + ,(p-) = exp(T H -i(x,(p + ,ip~)) ■ (x,cp + ,(p~) 

= cxp(-T H _ 1 {x,(p + ,<p~)) ■ (x,(p + ,Lp~). 

Setting H^ 1 (x, tp + , tp~) = I~ 1 oHZi(x, ip + , </?~), and since H (x, ip + , <p~) = H-\o 
I(x, <p> + , <p~), we have 

H o H-\x 1 ip + ,ip-) = H_! oIoT 1 oHzl(x,tp + ,tp-) = (x,tp+,tp-) 

and 

H- 1 o H(x,ip + ,tp~) = r 1 o HZ{ o ff-io I(x,(p + ,ip~) = (x,tp + ,if-). 
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Moreover, by Proposition 16. 12\ with H — I 1 and H in the Proposition replaced 
by Hz\, we have 

H- x oI(x,<p + ,y-) 

= r 1 o hz\o i(x,<p + ,<p-) 

= r 1 (exp{-T H _ 1 (3!,tp + ,<P~)) ■ ( x >f + ^ ( P~))\ {x , !p +, v -)=i ix , lp +, v - ) 

= cx P (-r ff _ 1 (x, v +, ip-)) ■ r\ x , ip+, v>')\ {x>v+tV - )=Hx>v+iV> - ) 

( (\ i(p + iip~\\ , _ 

= exp[-T H _ 1 [-, , ] ) ' \ x > <P , <P j 

\ \x X X 1 1 

which gives (|6.73[) . □ 

Remark 6.18. The formal N = 2 superconformal power series of the form (|6.72|) 
can be thought of as the "formal N — 2 superconformal local coordinate maps 
vanishing at oo = (oo, 0, 0) with leading even coefficient of tp^x -1 equal to i" . 

The following two propositions are analogous to Proposition ^. 1 H and Proposition 
16.121 respectively. 

Proposition 6.19. Let u, v G ^(ar 1 ))^, ip~\; let (B + , B~ , N + , N~) € (i?°°) 2 ; 
and let 

(6.74) T = -Y l (BfL_ j (x,<p+,<p-)+B7J- j (x,<p + ,<p-) 

+N+ , G+ , (x, p+,ip+) + N- 1 G- , (a;, <p+,<p + j) ■ 

J 2 2 ■> 2 J' 2 / 

Then 

(6.75) e T ■ (uv) = {e T ■ uj (e T ■ v) . 

In other words, for T, u, and v given above, Proposition 16.11 holds if h — and 
y is set equal to 1. 

Proof. The proof is analogous to the proof of Proposition ^. Ill Again, we use a |Z 
grading by weight on R((x~ 1 ))[(p + , <p~] given by wt a — if a G R, wt x k = k, for 
k G Z, and wt p ± = \. Then T G Der(i?((x _1 ))[(p + , ip~\) given by (|6~?4")) acting 
on an element u' G R((x~ 1 ))[ip + , of homogeneous weight, lowers the weight of 
u' by at least |. Thus if wt it' = fc G |Z, then v -r ■ vf involves terms of weight 
lower than or equal to k— §, for n G Z + . Therefore, for u G i?((ir _1 ))[<y9 + , ip~], any 
term in e yT • u of homogeneous weight in x, ip + , and i/j - is a polynomial in y, and 
thus we can set y — 1 . That is e 7 " • u has only a finite number of terms of weight 
k G ^Z, and thus is a well-defined power series in R((x~ 1 ))[(p + , <£ _ ], and similarly 
for e ? • u. Therefore (|B~75j) holds. □ 

Proposition 6.20. Let H(x,p + ,ip~) = e T ■ (x,<p + ,tp~) with T given by \6. 74\ ), 
and let H(x, ip + , tp~) G i?((a; ip~]. Then 

(6.76) p+, p-)) = tf(e T • (as, p+, p")) = e T • H(x, <p+, <p~). 

More generally, if H{x, p + , ip~) G R[[x, x~ 1 ]][tp + , <p~] and the composition Ho H 
is well defined, then holds. 
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Proof. The first part of the proof is identical to steps (i) - (iv) in the proof of Propo- 
sition To finish the proof, we only need note that since e r • (<p + y {ip~ ) J x n € 
R((x~ 1 ))[(p + , <p~] for 2 — 0, 1 and n S Z, the result follows by linearity. □ 

Let H{x, ip + , tp~) and (^ + , ip~) be two formal N = 2 superconformal power 
series vanishing at infinity and with even coefficients of ip x _1 equal to i, i.e., let 
H and H be of the form (16.72p such that 

(6.77) E-\H o r 1 (x 1 i P + ,ip-)) = (A + ,-A-,-iM + ,-iM~) 

(6.78) E- 1 (HoI- 1 (x 1 ip + ,ip-)) = (B+,-B-,-iN + ,-iN-) 

for some (A + ,A~,M + ,M~),(B+,B~,N + ,N~) € (i? 00 ) 2 . Define the composition 
at infinity of M+, M~) and (£+, JV+, N~), denoted 

(6.79) (A+,A-,M+,Ar)o OD (B+ ,B~ ,N+ ,N~), 
by 

(6.80) (A+,A-,M+,M-)o oc (B+,B-,N+,N-) = (C+, C~, P + , P~) 
for 

(6.81) {C+,-C-,-iP+,-iP-) = E- l {{H o T l oH o r l ){x,ip+ ,ip-)) e (R°°) 2 , 

where (H o I^ 1 o H o 7 _1 )(a;, (^ + , y>~) is the formal composition of -ff, I" 1 and ii". 
We have the following corollary in analogy to Proposition ^. 151 

Corollary 6.21. The set (i?°°) 2 is a group with the operation o QO; and letting 
(6.82) 

(C*+, -C~,-iP + , -iP~) = (B + , -B~, -iN + , —iN~) o (A + , —A~,—iM + , -iM~), 
where the composition o on (i?°°) 2 is that defined by \6.65\l , we have 

(6.83) (A+,A-,M+,M-)o 00 (B+ , B~ , N+ , N~) = (C+ C", P+, P"). 
Furthermore, letting 

(A+,A- 7 M + ,M~) = {(A+,AT,M+_ 1/2 ,Afr 1/2 )} jez+ G 0R°°) 2 , 
and /or any i € -R , z/ we define 

t(A + ,A-,M + ,M~) = {{tAf,tAj,tMf_ 1/2 ,tM7_ 1/2 )} j&+ , 

then for t%, t% € -R , 

(6.84) (t x (A+ A-,M+ M-)) 0oo (i 2 (A+, A" M+ AT)) 

= (t 1 +t 2 )(A+, J 4-,M+,M-). 

TViai is i/ie map i i— ► t(A + , A - , M + , M~) is a homomorphism from the additive 
group R° to the group (i?°°) 2 with group operation o^. 

Proof. Let Hoi- 1 = E(A+, -A~, -iM + , -iM~) and lor 1 = E(B+ , -B~ ,-iN+ , 
—iN~). Then by definition 

(B + , —B~, -iN + , -iN~) o (A+, -A~,-iM + , -iM~) 

proving the first statement. The rest of the corollary then follows from Proposition 
l6~T5l □ 
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Remark 6.22. With the composition operation defined above, (R°°) 2 can be 
thought of as the group of formal N = 2 superconformal local coordinate transfor- 
mations vanishing at infinity and with leading even coefficient of <p ± x~ 1 equal to i. 
In Section[7|we discuss subgroups of (i?°°) 2 under the group operations and o, 
and in Section [9] we relate these group structures to subsets of the moduli space of 
N = 2 super-Riemann spheres with one incoming tube and one outgoing tube and 
a corresponding "sewing" operation. 

Remark 6.23. From Theorem 16.101 and Proposition 16.171 we see that in general 
the "formal infinitesimal N = 2 superconformal transformations" are of the form 

(6.85) [ B t L -i^ <P + ,<P~) + BjJ-jix, <p+,<p~) + N+^Gt^ (x, <p + , <p~) 

+ N~_ iG~ 1 (x,ip + ,ip~) ) + (\oga£)2L (x,tp + ,(p-) + (loga„)J (x,(p + ,(p-) 

J 2 J 2 J 

+ H [ A t L i i^ip + ,ip-) + AJ J j (x,(p+,<p-) + M+_ ^ G+_ {x, <p + ,<p-) 

+ M- k G- 1 (x,cp+,ip-)) 

■> 2 J 2 J 

for (a+ do) G ((i?°) x ) 2 /(±l), Af,Bf S R°, and M±_ 1/2 , N± l/2 S R\ 

7. The N = 2 Neveu-Schwarz algebra and the group of N = 2 

SUPERPROJECTIVE TRANSFORMATIONS 

In this section, we define the N = 2 Neveu-Schwarz algebra [DPYZ] and point 
out that the superderivations we used in Section [6] give a representation of the 
N = 2 Neveu-Schwarz algebra with central charge zero [Ki]. This shows that the 
N = 2 Neveu-Schwarz algebra is the algebra of infinitesimal N = 2 superconformal 
transformations. We point out several subalgebras of the N = 2 Neveu-Schwarz al- 
gebra and their corresponding Lie supergroups in connection with our development 
of the groups corresponding to N = 2 superconformal local coordinates vanishing 
at zero and at infinity as developed in Section [6l We discuss the subalgebra of the 
N = 2 Neveu-Schwarz algebra consisting of infinitesimal global N = 2 supercon- 
formal transformations (i.e., infinitesimal N = 2 superprojective transformations), 
and derive the action of the corresponding Lie supergroup of N — 2 superprojective 
transformations on the N = 2 super-Riemann sphere S 2 C. In addition, we point 
out several errors in the literature concerning the presentation of these N = 2 
superprojective transformations. 

Let nS2 denote the N = 2 Neveu-Schwarz Lie superalgebra with central charge d, 
basis consisting of the central element d, even elements L n and J n and odd elements 
Gjr+i/2' for n G Z, and commutation relations 

(7.1) [L m , L n ] = (m - n)L m+n + j^i™ 3 - m)6 m+rit0 d, 

(7.2) [J m , J n ] = \m8 m+nfi d, 
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(7.3) 






(7.4) 


[L m ,G n+ i] 


= ("2 i) G t l+ n+^ 


(7.5) 


[Jm,G n+ i] 


= ±G ± 


(7.6) 


[ G ^ + i,G+ + ,] 


= [G- , J = 0, 


(7.7) 




= 2L m+n + (m — rt + 1) J m + n 



+ ^(™ 2 + m)5 m+nfl d. 

It is easy to check that the superderivations in Der(C[a;, a; -1 , <p + , <p~]) given by 
(|6.13p - (|6.15[) . i.e., the superderivations 

(7.8) L n(x ,^-) = + + 

(7.9) J„(*,^-) = -*"(^"^) 

(7.10) Gt 4 («^ + ^-) = -(» W ( 5 ^-^^) ± ^V^) 

for n € Z, satisfy the N — 2 Neveu-Schwarz relations (|7.ip - (|7.7[) with central 
charge zero (cf. |Ki] ) . 

We would now like to discuss some subalgebras of nS2 and their interpretation 
in terms of the group structures discussed in Proposition 16.151 and Corollary 16.211 
We first note that letting Z = ±Z+, the following are subalgebras of nS2. 

(7.11) {L n \neZ}, {J n \neZ}, {L m , J n \ m,n G Z} 
(7-12) {G+ H \ neZ}, {G- H \ n G Z}, 

(7.13) {L m , G+ + i \m,n€ Z}, {L m , G~ + i \m,n€ Z), 

(7.14) { J m , G+ + , | m,n G Z}, { J m , G~ + , \m,n€ Z], 

(7.15) {L kl J m ,G+ + i | k,m,n G Z}, {L k , J m ,G~ + i \ k,m,n e Z}, 

(7.16) {L k ,Jl,G+ +i G- +i \k,l,m,n&Z}, 

(This is of course not an exhaustive list.) Interpreting this in terms of the groups 
((i?°°) 2 ,o) and ((i?°°) 2 , Oqo), respectively, defined in Section [6] for a superalgebra 
R, we have the following corollary. 

Corollary 7.1. The following are subgroups of ((i?°°) 2 ,o) and of ((i?°°) 2 , o^) 
in correspondence with the subalgebras given in l{7.11\ ) - |7. 15ty for Z = ±Z + , 
respectively. El 

(7.17) {(A+,0,0,0) | A+ e (R°)°°}, {(0,A-,0,0) | A~ G (i? ) 00 }, ((i? ) 00 ) 2 , 

(7.18) {(0, 0, M+, 0) | Af+ G (i? 1 ) 00 }, {(0, 0, 0, M~) \ M~ G (i? 1 ) 00 }, 

(7.19) {(A+ 0,M+,0) | (A+,M+) G 0,0,M-) | (A+,M") G 



1 In IB4I . Proposition 3.15 (which is the analogue of Proposition 16. 15l for the TV = 1 supercon- 
formal case) states that (R 1 )°° is a subgroup of R°° under composition in _R°° defined using formal 
N = 1 superconformal local coordinates vanishing at zero. This is false; is a subgroup, 

but (R 1 ) 00 is not. 
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(7.20) {(O,A-,M+,O) | (A~,M + ) G R°°}, {(0, A~, 0, M~) \ (A~ ,M~) G 

(7.21) {(A+,A-,M+,0) | A + ,A~ G (R ) 00 , M+ G (i? 1 ) 00 }, 

(7.22) {(A + ,A-,0,M~) | A+,A~ G (i? ) 00 , M~ G (i? 1 ) 00 }, 

where denotes the sequence in (i? J )°° consisting of all zeros, for j = 0,1. T/ie 
subalgebras given by J 7. J6| ) /or Z = ±Z + , respectively, correspond to the groups 
((i?°°) 2 ,o) and ((i? 00 ) 2 ^), respectively. 

We now focus on another subalgebra of nS2, that given by 

(7.23) span c {L±i, L Q , J Q , G+ 1/2 , G ±1/2 }. 

Let If be a Z2-graded vector space over C such that dim W° = dim W 1 = 2. 
Recall the classical Lie superalgebra osp c (2|2) (cf. |Kaj ) the orthogonal-symplectic 
superalgebra 



osp c (2|2) = 



/ 


e 





P 


<1 


\ 







— e 


r 


s 






s 




a 


b 




V 


— r 


-P 


c 


—a 


) 



G [ c (2|2) 



a, b, c,e,p,q,r,s G 



which is the subalgebra of gl c (2|2) leaving the non-degenerate form f3 on W given 

by 

/ 1 \ 
10 
1 1 

\ -1 / 

invariant, meaning /3(Xu,v) + {-l)^^ f3(u, Xv) = for X G osp c (2|2), u,v £ 
W, and X and w homogeneous. 

The subalgebra of nS2 given by span c {i±i, Lo, Jo, / 2 , G^^} is isomorphic 
to osp c (2|2). The correspondence 





^00 








\ 























1 






V 








/ 


/ 











\ 


















1 







\ o o 





-1 


/ 


/ 








\ 


























\ 


-1 





/ 


/ 


1 








\ 


-1 























V 











) 



dx 



L-i(x,ip + ,(p ), 



J (x,ip + ,(f ), 
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( o 








1 


\ 





















1 












I o 











/ 


/ 





1 





\ 
































V 





-1 








/ 




( 











\ 













1 






1 















V o 











/ 


/ 














\ 










1 























V 


-1 











/ 



d 
chp? 



f Si 



d 

dtp- 



dtp* 



ip+if- 



dip- 



= G_ L (x,Lp + ,ip ), 



G k (x,ip + <p ), 



defines a Lie superalgebra isomorphism between osp c (2|2) and the Lie superalgebra 
of infinitesimal N = 2 superconformal transformations generated by L±\(x, ip + , ip~ ) , 
L Q (x, ip + , (p~), J a (x, ip + , (p~), G+^ 2 (.t, ip + , (p~), and G ±1/2 (x, ip + , ip~). Note that 
this isomorphism is not unique; for example, the automorphism of osp c (2|2) given 



"1/2 



"1/2' 



1/2 



1/2' 



and Lj 



Lj for j = 0, ±1 gives 



by Jo >-> -Jo 
another identification. 

Let y be an even formal variable and £ an odd formal variable. Letting X denote 
each of the eight matrices above, we observe that 



-yX _ 



-ex 





/ i 








\ 




( 1 








\ 







1 













1 
















1 


-y 


7 








y 

e 2 







V o 








1 J 




V o 








V 

e 2 












( 


e~ y 








°\ 

















e y 


























1 















{ 











1 / 




( 1 








-n 




/ 1 





-£ 


N 


\ 





1 













1 













-i 


1 





5 








1 







V 











1 J 




V o 







1 > 





( 1 \ 

10 

10 

V y 1 ) 



( 1 

1 

-i o i 

\ 



\ 

-i 



1 J 



( 1 \ 

o i -i o 

10 

V i o o i j 

respectively. These are all elements in the connected component of the Lie super- 
group OSP(2\2) containing the identity with matrix elements in C[[y]][£]. They 
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have superdeterminant 1, where the superdeterminant is defined as 



sdet 



A B 
C D 



= det(A - B J D- 1 C)(detL>)" 1 . 



(In our case, A, B, C and D are all two-by-two matrices.) In fact, for R a super- 
algebra with y G R° and £ e R 1 , the eight matrices above generate the connected 
component of OSPr(2\2) containing the identity (cf. [D] . |Var| ) . Denote this group 
by Q- 

Q acts on an even and an odd formal variable by the N = 2 superprojective 
transformations, i.e, for g = e~ yX and g = e~^ x above, we have 



(7.24) g-(x,<p+,<p-) 

= (x + y,ip + ,ip^), (e y x,e%(p + ,e%<p~), 

), (x,e v (p + ,e^ y ip^) 

1 — MX' 



■><P 



X + 1 

i >V i 

1 — yx 1 — yx 1 — yx; 

(x + £, + ip + , tp~), (x + <p~£x, £,x + p + + >p +l P~t, 

(x + ip + £, ip + ,£ + (p~), (x + ip + £x, tp + , £x + ip~ - (p + <p~0, 

respectively. These generate the supergroup of N = 2 superprojective transfor- 
mations which is the group of global N = 2 superconformal automorphisms of the 
super-Riemann sphere studied in Section[5] Thus, osp c (2|2) is the Lie superalgebra 
of infinitesimal N — 2 superprojective transformations. Note that for the represen- 
tative elements L±i(x, (p + 7 ip~), L (x,<p> + ,<p~), J (x,<p + ,tp~), G^ 1 ^ 2 (x, <p + , <p~), 

and Gjj^ , 2 (ie, ip + , <p~) in Der(C[a;, x^ 1 , ip + , i/? - ]), we have 

(7.25) 
(7.26) 

(7.27) 

(7.28) 
(7.29) e 
(7.30) 
(7.31) e 
(7.32) 

as expected. 

In general, a formal N = 2 superprojective transformation T(x,ip + ,(p~ 
(x, (p + , ip~) has the form 



e -yL-i(x,v + ,<p ) 


■ (x,(fi + ,Lp ) 


= (x 


fy,^ 4 ",^ ), 




e -yL (x,ip+ ,ip~) 




= (e y 


v + v _N 

x,e^ + ,e^ ), 




e -yLi(x,<p + ,ip~) 




"(i 


x + 1 _ 1 \ 






— yx 1 — yx 1 — yx J 




e ~y.7o(x,<p + ,ip~) 


■ (x,<P + ,V~) 


= (x, 


e y <p + , e~ y <p~) 7 






■ (x,¥> + ,ip~) 


= (x 






e -6G+ 2 (x, V +, v -) 


■ (x,<P + ,P~) 


= (x 


f (f~£,x, £x + ip + + ip + (p~£, ip 




-£GZ 1/2 (x,ip + ,ip~) 


■ (x,<P + ,<fi~) 


= (x 










= (x 


f p + £,x, <p + , £x + p~ — p + p>~ 


0, 



(7.33) x 



_e + (7 x + S ) 
(cx + d) 2 



jf + x + h+){Tx + 5-) 
{cx + d) 3 



e-h+x + S+) (f-x + h-)h+x + S+) 



-tp+tp- 



(cx + d) 2 (cx + d) 3 

2 1 + 1 -dx - ( 7 +<r + 6+-/-){cx -d)- 25+5-c 
(cx + d) 3 
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fnnA . , 1 + x + 5+ , e+ + f+x + h+ , _j+d-5+c 

7.34 ^+ = -i — - + ip+—- - + <p + J ——. + ( p+ ip I 

cx + a cx + a (cx + d) z [ex + ay 

(7 35) = 1~ x + 6 ~ | - e ~ | ^- f~ x + hr <p+ - TjLlJLa 

cx + d cx + d (cx + d) 2 (cx + d) 2 

for a, b, c, d, e ± ,f ± ,h ± e AL and l ± , s± G AL satisfying 

(7.36) ad -6c = 1, 

(7.37) e+e" = 1 - 7+<T + 5+j~ 

(7.38) /± = Te ± 7 + 7"rf 

(7.39) /i ± = ie^iS+rc- ( 7 +r +(5V)rfT* + ^7V^) I 

or equivalcntly of the form (|5.12|) - (|5. 14|) (with (w,p + ,p~) = (x, (p + , tp~)) satis- 
fying (|7.36p and (|7.37[) . This can be seen by exponentiating a general element of 
osp c (2|2) using the above action, or equivalently exponentiating a general infin- 
itesimal N — 2 superprojective transformation given by a linear combination of 

L±i{x,ip + ,<p-), L (x,ip + ,(p-), J Q (x,(p+,<f-), G+ 1/9 (x, p and G ±1/2 (x, ip + , 

¥>")■ 

We note that this general form for the N = 2 superprojective transformations 
does not agree with that presented in for instance BLJ , [C] , |Ki| , or [N] or any other 
sources in the literature that we have encountered. Below we give a concrete exam- 
ple of an iV = 2 superprojective transformation that is not of the form given in all 
the descriptions we have found in the literature to date. This includes presentations 
in [Me] and |Schoj in the "nonhomogeneous" coordinate frame (see Section [TT|) . 

Example 7.2. Let A\, A^\ E Aoo> an ^ ^-t ^ Aoo- Consider the following formal 

2 

N = 2 superprojective transformation. 

(7.40) T{x,<p + ,<p-) 



e -A- 1 L-i(x,<p + ,<p ) 



e 



(A 1 L 1 {x,ip+,ip-)+M^G\{x, v +, v -)+MlG- L (x, v +, v -)\ 

V 2 2 2 2 / • 

(X,(f + ,(p~) 

at/ + -\ -( M+Gi(x,ip+,<p-)+M7Gi~(x,<p+,<p-) ] . T , + -s 

A- 1 L- 1 (x,ip^,i P ) e v 3 i 5 i J e~ 1 ' v '■ 



(x,ip + ,ip 



e 



,+ u,„- a 



X + A _ l M±(x + A_ x ) A 1 M7/(x + A_ lj 

l-A^x + A^) +lfi l-Mx + A-!) +lf (1 - a\(x + A-!)) 

Mfix + A^) _ A 1 Mf(x + A_ 1 ) 2 
+if 1-Mx + A^) +lp (1 - M(x + A^)) 2 

2MfMT(x + A-x) AA 1 MfMl(x + 

+IP+ ^ 1-A~\x + A^) + (1-Mx + A^)) 2 

2A\M\ MT{x + A_i) 3 Mf(x + A_-L) 



2 

"2 
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^2 



1 - MjMl(x + A-x) AxMjMl{x + A-x) 



l-Ax(x + A-x) ^ (i_^ l(a; + A_ 1 )) 2 
Mf AxMi{x + A-x) 



+ ( P +l P i a 7 ~, a 7 + f^'P 



l-Ax(x + A-x) r Y (l-Axix + A^Y 1 
Mr^ + i-O _l + MiMi(x + A_ 1 ) 

'■<p 



l-Ax(x + A-x) l-Ax(x + A-i) 

AiMiMT(x + A_i) 2 Mr 



(1- Ax{x + A-x)) 2 T T l-Ax(x + A-x) 
AxMl(x + A-x) 
^ +Lp (l-A^x + A^)) 2 



x 



Ai MT{x + A_x) 



-A x x + 1 - AxA-i ' r {-Axx + 1 - AxA-i) 2 

Mi{x + A_x) 2MiMT(x + A_x) 



(-^ + 1- A XJ 4_i) 2 Ir ^ Mu + l- AiA-x) 3 ' 

Aff (a; + A-x) i —Mf MY (x + A-x) 



<P — * —1 J— a 



-Axx + 1 - AxA-x ' T -A x x + I - Ax A-x ' T {-Axx + 1 - A1A-1) 2 
Mi Ml(x + A-x) 



+<p <P 



(-Axx + 1- AxA_x) 21 -Axx + l- AxA-x 

MiMT{x + A-x) 



1 

-V , , , A~^+^ 



Axx + l-AxA-x {-Axx + 1 - AxA-x) 2 

Mr 



^> ? ^ 2 



(-Aix + 1 - 
which we need to rewrite as 
(7.41) T(x,<p+,<p-) 



A , Mr(x + A_i) M+(a; + A_ 1 ) 



Axaj + l-^A.! ,<P (-Aia + 1 - AxA-x) 2 (-A lX + 1 - AxA-xf 
2MiMT(x + A_x) Mi(x + A-x) 



{-Axx + 1 - ,4iA_i) 3 ' -Aia; + 1 - 
1 + MfMTA-x M^Mj/(-(l - AxA-x)x - 2A_i + AiA 2 -J 



— ; — , ; , , + <p 



-Axx + 1 - AxA-x (-Aix + 1- AxA-i) 2 

Mi Ml (x + A-x) 1 - Mi M± A- x 



+ <P <P 1—A ~, —A A X9 > , , -, 7-A—+<P~ 



{-Axx + 1 - AiA-x) 2 ' -Aia; + 1 - AxA-x ' T -A x x + \- A x A-x 
MiMl{{\ - A x A-x)x + 2A_i - AxA 2 _ x ) MT 



+ ( P 7 A „ I 1 A A ^2 V <P~ 



{-Axx + 1 - AxA-xf r r (-^ix + l- A^) 2 

to be of the form (F33\) - (Z33\ ) satisfying (ZSty - (TSfy , where here a = 1, 
b = A-x, c = -Ax, d=l- AxA-x, e ± = 1 ± Mi Ml A-x, 7* = Mf, and 8 ± = 
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MfA-L (And thus by (738\ ) and [73ty , we have /± = ^MfM^(l - 
and h ± = ±(-Mt MT A 2 _ X A X - 2MfM7A- 1 (l - A 1 A_ 1 )).) 

2 2 2 2 

Note that the calculation of T above can either be done by direct expansion of 
the exponentials or more easily by observing that letting 

(7.42) r x (a; s¥ >+ )¥ >-) - e - AlLl <™ + "~)-(,x,<p + ,<p-) 

fVAO\ T, + -\ -(m+G\{x,^, v -)+M- 1 G- 1 (x,^, v -)) 

(7.43) T 2 {x,ip + ,(p ) = ev^5 * ^ / -(x,ip + ,ip ) 

(7.44) T 3 (^ + ,^) = e- A ^ L -^ + ^-{x,ip + )( p-), 

then by {7.25}) , direct expansion, and {7.27(1 , respectively, we have 

(7.45) T 1 (x,^ + ,^-) = ( - -. \ ,y~ ' 



1-Aix 1 - Aix 1-Aix, 

(7.46) T 2 (x, = fx + </? + A/7/x + ¥>~Aff x + 2ip + <p~Mt MJx, 

V 2 2 2 2 

Afja; + (^ + - ip+MfM±x + tp + (p~Mt, 

2 2 2 2 

AfTz + + (p~MfMiX - tp+(p~M±) 

2 2 2 2 / 

(7.47) TaCx, p+vr) = (x + A- X , V + , V")- 

5y Propositions \KJ^ and 1 6'. 13 we /iawe T(x, <^> + , = T x o T 2 o T^(x,Lp + ,<p~) 
which gives {7.40}) - 

Note that if d e (A!L) X > that ^ s ^ ^ ^ s invertible, then 

/±x + h± _ (/± - *$*)x + ^(cx + d) (/± - h$z)x '" 



(7 48) — 

(cx + d) 2 (ex + d) 2 (cx + d) 2 cx + d 

and the g ± (x) term (using the notation (|6.3p - (|6.5p for a superconformal function) 
i.e., the coefficient of tp* 1 in ^ in the N = 2 superprojective transformation can 
be written 



± 



(7.49) — T 



e ± (7+7 _ da; - c> + 5~c + (7 + <S~ + 5+7~)d ± 6+<S~7 + 7~<i) 



cx + d (cx + d) 2 

e ± (l± (5 + 6-% - (j+S- + 5+j-) t S+5--/+J-)) 
cx + d 

± (7 + 7~d + _ (7 + ^~ + <5 + 7~) c T <5 + <5~7 + 7~c)x 

T6 (cx + d) 2 

e±(l ± (S+5~± - + <5 + 7~) T <5 + ^7+7")) 

cx + d 

± ((7 + d — (5 + c)(7 _ <i — <5~c) =p <5 + i5~7 + 7 _ c<i)x 
Te d(cx + d) 2 ' 

In [N] . P. Nogueira claims that all iV = 2 superprojective transformations are 
N = 2 superconformal functions of the form (|6.3p - (|6 . 5[) with 

/(*) = ^> ^(x)-^ + J± 



cx 



d ' cx + d 



{ r , , a n + £(g + 7 - + ^7+) - jj_^__7_x T (7 + ^ - ^+c)( 7 -rf - s- c y 

cx + d d(cx + d) 2 
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with a, b, c,d,a <E Aoo' anc ^ 7 ± ' Aoo satisfying ad — bc= 1. Setting 

± = =j=2a l + l(,5+ 7 -+^ 7 + )-l^- 7 + 7 - 

6 1 ± - (7+5- + =F 5+5-7+^-) 

- + i(«5+ 7 - + j- 7 +) - ^ + <r 7 + 7~ t (<5 + <r^ - ( 7 +r + 5+ 7 -)), 

i.e., 

e+» = e ±(l - ^(5+7" + ^7 + ) - ± ( 5+<r 3 - + <5 + 7~))), 

it is easy to see that Nogueira's N = 2 superprojective transformations are equiva- 
lent to ours if and only if d is invertible. Since in general though, one can not assume 
d is invertible (even if it is nonzero), Nogueira's N = 2 superprojective transforma- 
tions do not exhaust the entire group of N = 2 superprojective transformations and 
in fact do not even form a subgroup. In Example [72] above, letting A\, A_i S 
such that (AiA-i)b = 1 gives a concrete counter example to Nogueira's claim of 
providing a presentation of the group of N = 2 superprojective transformations. In 
addition, it is not possible to deduce the general form of an N = 2 superprojective 
transformation from Nogueira's subset of N — 2 superprojective transformations. 
A similar situation occurs if one assumes c is invertible. 

Presentations of the group of N — 2 superprojective transformations such as 
[C] and [Ki], miss crucial terms such as the or h ± . The N — 2 superprojective 
transformation T given in Example l7.2| gives a counterexample to the claims of Cohn 
in [C] and Kiritsis in |Kij of giving the form of a general N — 2 superprojective 
transformation. In fact the transformation Ti given in (|7.46j) is itself a counter 
example to Cohn's and Kiritsis' transformations as is the N — 2 superprojective 
transformation given by (|10.2[) which arises from putting an action of the symmetric 
group ontieN letters on the moduli space of N = 2 super-Riemann spheres with n 
incoming punctures. In [BL , it is easy to see that the transformations given are not 
N = 2 superconformal in our sense, i.e., they do not in general satisfy conditions 

(EH). 

In |Mej and [Schoj , N = 2 superprojective transformations are presented for the 
"nonhomogeneous" coordinate system. In Section [Til we discuss this coordinate 
system and show that the presentations of N = 2 superprojective transformations 
given in |Mej and [Schoj are not the N = 2 superconformal automorphisms of the 
super-Riemann sphere in the sense studied in this paper. 



8. A REFORMULATION OF THE MODULI SPACE OF TV = 2 SUPER- RlEMANN 

SPHERES WITH TUBES 

In this section, using the characterization of local N = 2 superconformal coor- 
dinates in terms of exponentials of certain infinite sums of superderivations proved 
in Section [SI we show that a canonical N = 2 super-Riemann sphere with tubes 
can be identified with certain data concerning the punctures and the coefficients of 
the infinite sums of superderivations appearing in the expressions for the local co- 
ordinates. Thus we can identify the moduli space of N = 2 super-Riemann spheres 
with tubes with the set of this data. 
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Let 

H = {(A + ,A-,M + ,M~) G (A^) 2 | E(A+,A-~,M+,Nr) is an absolutely 

convergent power series in some neighborhood of 0}, 

and for n G Z+, let 

S 2 M n ~ 1 = {({Z!,e+, *r), . . . , (^-bti.ti)) I 

Note that for n = 1, the set S 2 M° has exactly one element. 

For any canonical N = 2 supersphere with 1 + n tubes, we can write the power 
series expansion of the local coordinate at the fc-th puncture (z^, Of, 07), for k = 
1, . . . , n, as 

H k {w,p + ,p~) 



( ' x p(-E {^' (k) L j {x,i P +, l p-) + AT^J j (,, ^^ ) 



J 2 J 2 J 2 J 2 // 

( -,(fc) ) -Jo(^+, V -). (a , + -) 

(x, v +, ¥ >-)=(»- Zfe -p+^- P -e+, /! >+-e+,p--^) 
= B(a+' (fe) ,a -' (fe) , A~^\ M+'^ , M~^)(w - z k - p+0- - 

for (a+' (fc) , a~' (fc) , A+'W, A--W, M+'<*>, M~ W) G ((AL) X )V( ±1 > x W> where ( z m 
0^ ,9~) = 0, and we can write the power series expansion of the local coordinate at 
00 as 

H (w, p + ,p~) 
Viez+ 

+M +,( 1 0) G !+ ! (to, p + ,p~) + M~'^G~. ! (to, p + , • (1,5^,^-) 
j 2 J+2 J 2 J+2 / / Vty ui w J 



E(A + <W, -A-><. \-iM+< \-iM->W)(±, ^ 



for (A+'( ),-A-'( ),-<M+'W,-iM-.W) G W. But (A+>(°), -A"'(°), -iM+>(°), 
-iM-'(°)) G W if and only if (A+'(°) , A"^ ) , M+'(°), G W. Thus we have 

the following two theorems which follow from Thcorem l 5.101 and the characterization 
of local coordinates in terms of infinitesimals given above. 

Theorem 8.1. The moduli space of N = 2 super- Riemann spheres with 1+n tubes, 
for n G Z_|_, can be identified with the set 

(8.1) S 2 K{n) = S 2 M n ~ l xHx (((J\l) x ) 2 / (±1) x H) n . 



For N = 2 super- Riemann spheres with one tube, from Theorem 15. 101 and equa- 
tions ([Q6]) - fl6~28|), we have: 
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Theorem 8.2. The moduli space of N = 2 super- Riemann spheres with one tube 
can be identified with the set 

S 2 K(0) = {(A + ,A-,M + ,M-) G H | A+ = M+ = Mr = 0). 

2 2 

By Theorems 18.11 and 18.21 we can identify S 2 K(n) with the moduli space of 
N = 2 super-Riemann spheres with 1 + n tubes for neN, and the set 

S 2 K = (J S 2 K(n) 

can be identified with the moduli space of N = 2 super-Riemann spheres with 
tubes. The actual elements of S 2 K give the data for a canonical N — 2 supersphcrc 
representative of a given equivalence class of N — 2 super-Riemann spheres with 
tubes modulo N — 2 superconformal equivalence. From now on it will be convenient 
to refer to S 2 K as the moduli space of N — 2 super-Riemann spheres with tubes. 
Any element of S 2 K(n), for n G Z + , can be written as 

(8.2) ((a*, 0+ 0D, • • • , (Vi.t.tili (A+'W, A-'W.M+'W, M-'W), 
(a + < (1) , a-' (1 \ A-<W, M+'« M-'W), . . . , 

(4' (n) ao ' (n) , AT+'W, M-'W)) 

where ((z 1 ,0+0D,...,(z„_ 1 ,e-i,^-i)) € ^M"" 1 , (a+< (fc) , V (fc) ) € (AL) X )7 
(±1) for k = l,...,n, and (A+'W, >JnW, M~<W) G ?i for fc = 0, . . . , n. 

Thus for an element Q G S 2 K, we can think of Q as consisting of the above data, 
or as being a canonical N = 2 supersphere with tubes corresponding to that data. 

The element of Tt with all components equal to will be denoted by (0, 0, 0, 0) 
or just 0. Note that in terms of the chart ([/a, A) of S 2< C, the local coordi- 
nate chart corresponding to (1,1,0,0,0,0) G ((AL) X ) 2 / i ±l ) x 7i is the identity 
map on /\ x(/\^ c ) 2 if the puncture is at 0, is the shift s, g + S -Aw, p + , p~) = 

(in — Zfc — — p~8~^ , p + — 9^ , p~ — 0jjT) if the puncture is at (zu, ®k )■> an d 

is I(w,p + ,p~) = (l/w,ip + /w,ip~ /w) if the puncture is at oo. We call such coor- 
dinates standard local coordinates in analogy to the nonsuper case |H2| and N = 1 
super case |B4j . 

9. Generalized N = 2 super-Riemann spheres with tubes and group 

STRUCTURES ON SUBSETS OF THE MODULI SPACE OF N — 2 SUPER- RlEMANN 
SPHERES WITH ONE INCOMING TUBE 

Let 

s*K( n ) = s 2 u n - 1 x (AD7(±i> x ((Mr x AD 2 ", 

for n G Z_|_, and 

S*K{0) = { (A+ A", M+.M-) G (A^) 2 | A+ = M+ = Mr = 0}. 

2 2 

Elements of S 2 K — UneN S 2 K(n) are called generalized (or formal) N — 2 super- 
Riemann spheres with tubes. Note that S .ft" C S 2 K. 
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Let Qi G S 2 K(n), for n G Z+, be given by 

Qi = *r)> ■••> (VLtA-!); (A+>(°), A-'W, m+'(°),m-'( )), 

(a+' (n) , < ' (n) , A+'W, A-'W, M+'<"\ M">^)) , 

and let Q 2 = (0, (fe+' (1 \ 6^ B+'W, B~'W, iV->W)) be an element of 

S 2 K (1), where denotes the sequence in /\™ consisting of all zeros. For 1 < k < n, 
we define the sewing together of the puncture at infinity (the 0-th puncture) of Qi 
to the k-th puncture of Q\, denoted Q\ fcOOo Q2 S S 2 K(n) 7 by 

(9.1) Qx fc cx) Q 2 = ((zi, 0+ 0r), (4-i,ti.Ci); (A+'(°), A-'W, M+'W, 

M-'W), (a^ (1) , a" A+'f 1 ), A-'f 1 ), M+^«, M-^ 1 )), . . . , 
(a+' Cfc - 1) ,ao ,(fc - 1) ,A+'( fe - 1 ),A--( fe - 1 ),M+'( fe - 1 ),M-'( fe - 1 )) ) (a+' (fc) , 
a-' (fc) , A+-W, A->W, Af+'W, AT'W) o 6„ B+'«B-'« 

7 V+^) ;iV -'( 1 )),(a^ (fc+1) ,a-' (fe+1) ; ^( fc + 1 ),A-^ fc + 1 ),M+^ fe + 1 ), 

AT^ +1 )), . . . , (a+' (n) , a^ {n \ A">W, M+'< n >, Af-'W)) , 

where the operation o on ((AL) X ) 2 /<± 1 > x (A^) 2 is defined by ([6^7]) with R = 

Aoo- ' ' 

Similarly for Q 3 = ((B+>(°), B~> ^, JV + '<°>, iV"^), (1, 1, 0)) G S^l), we de- 
fine the sewing together of the puncture at infinity (the 0-th puncture) of Qi to the 
1-st puncture 0/Q3, denoted Q3 ioo Qi G S 2 K(n), by 

(9.2) Q 3 1000 Qa - ((^,0+ (A+'W, A^, M+>(°), 
Af~< (0) ) Ooo (B + -(°), B->(°), N-M), (a+' (1) , ao A+'«, A-'W, 

M+.W, Af-'W), . . . , (a+' (n) , a" ' (n) , A+'W, A"'W, M+>W M~-W)) , 
where the operation on (A^) 2 is defined by (|6.80p and (|6.81|) for R = f\ 00 . 
Proposition 9.1. The subsets of S 2 K(1) given by 

S*~K(l)\o = {(0,(4,%,A+,A-,M+,M-)) G 5^(1)} 



S 2 #(1)U = {((A+, A-, Af+ M-), (1, 1, 0)) G S 2 K(1)} 
im'i/l £/ie sewing operation \ooo as defined above are groups. The group S 2 K (1)\q 
is isomorphic to the group ((A^ c ) x ) 2 /(±1) X (Aoo) 2 discussed in Proposition \6.15\ 
and Remark 1 6'. 1 61 wt/t i? = Aoo- ^ e subgroup of S 2 K(l)\o given by 

(9.3) {(0, (1, 1, A+, A", M+, AT")) g 5^(l)|o} 

is a subgroup isomorphic to the subgroup (Aoo) 2 °/ ((Aoo)* ^/(^-O x (Aoo) 2 un ^ er 
the group operation o. T/ie group S 2 K(l)\oo is isomorphic to the group (Aoo) 2 
group operation discussed in Corollary \6.21\ and Remark \6. 22\ with R — Aoo- 
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In addition, under these group isomorphisms, we have the subgroups of 19.3]) and 
S 2 K(1)\ 00 corresponding to those given in Corollary \7.1\ 

The subset S 2 K{l)\ a = ((AL) x )7(±l)xft is a subgroup ofS*~K{l)\ = ((AD*) 2 
/(±1) x (A^) 2 - This subgroup is isomorphic to the group of local N = 2 supercon- 
formal transformations vanishing at 0. Similarly, the subset S 2 K(l)\ oc = Ti. is a 
subgroup of S 2 K(l)\ oc = (A^!) 2 - This subgroup is isomorphic to the group of local 
N = 2 super conformal transformations vanishing at oo. 

If(A+,A-,M+,M-)e(hZ) 2 ,4 £(Al) x , andte/\l, then 

t » (0,((a+)\l,0)) 

t i > (0,(l,(a-)*,0)) 

t i > (0, (1,1, t(A+.A-,M+,M-))) 

give homomorphisms from the additive group A^, to S 2 K(l)\o, and 

1 1 ^ (t{A + ,A-,M + ,M-), (1,1,0)) 

gives a homomorphism from A^ to S 2 K(1)\ 00 . 

Let t u t 2 S AL and (A+,A-,M+,M-) e (A^) 2 - Assume 

h(A + , A~ , M + , M~),t 2 {A + .A~ , M + , M~) e ft. 

TTien (h + t 2 )(A+,A-,M + ,M-) E U, and we have 

(9.4) (0, (1, 1, (h + t 2 )(A+,A-,M+, M-))) 

= (0 ! (l,l,ti( J 4+,A-,M+,M-)) lO o (0,(l,l,t 2 (A+,A-,M + ,M-)), 

(9.5) ((ti + 1 2 )(^+, A", M+, M~), (1, 1, 0)) 

= (t^+.^-.M+AT), (1,1,0)) toco (t 2 (A+,A-,M+,Af-), (1,1,0)). 

In particular, for (A + , A - , M + , M _ ) G 7i, i/ie sets 

(9.6) {(0,(l,l,t(A+,A-,M+,M-)) | * e A«. t(A+,A-,M+,M-)eH} 
and 

(9.7) { {t(A+, A~, M+ AT), (1, 1, 0)) | i e AL *(^ + , M+ > M ") e ft} 
are subgroups of S 2 K(\)\q and S 2 K(l)\ OQ , respectively. 

Proof. From the definition of the sewing operation defined above, it follows from 
Proposition [635] and Corollary E2H that (S 2 K(1)\ , ioo ) and (S 2 K(l)\ ocl , ioo ) 
are groups isomorphic to (((i?°) x ) 2 /(±l) x (R°°) 2 , o) and ((i?°°) 2 , °oo), respectively, 
withi? = A co - 

From the definition of the operation iooo , Proposition l6.15l and equation (|6.68jl . 
we have 

(0, ((a+fi , (a-) t \t 1 (A+,A-,M+, M~))) ioc (0, ((a+) t2 , (a")* 2 , t 2 (A+, A~ , 

M+,M - ))) 

= (0,(( a +)*Ha+) t2 ,(a -) tl (a -) t2 ,ti(A+,A-,M+,M-)ot 2 {(a+)^ 2 -'"4, 
(4) il2 ^ T >(4) il(2i -%o)^ 
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Therefore 

(9.8) (0,((4)M,0))ic»o(0,((4)* a ,l,0)) = (0,((a+) tl+ V,0)) 

(9.9) (0 > (l,(a^O))ioo (0,(l,(ao)' a ,0)) = (0,(l,(a -) tl+t2 ,0)) 

and 

(9.10) (0,(l,l,*i(A + > ^- > Af + ,M-))) ioo (p,(l,l,t 2 (A+,A-,M + ,M-))) 

= (0,(1, 1, (t 1 +t 2 )(A+,A-,M+,M-))) . 

Thus the maps t h-> (0, ((«+)*, 1,0)), i (0, (1, (oq )*,0)) and i ^ (0, (1, l,t(A+, A", 
M + ,Af - )) are homomorphisms from /\^ to S^ff (l)|o- In addition, by Corollary 

MM 

(h(A+,A-,M+, M~), (1, 1,0)) iooo (* 2 (A+ A", M+, AT), (1,1,0)) 
= (t a ( A+ , A- , M+ , M " ) °oo h(A + , A~ ,M + , M~), (1, 1, 0)) 
= ((*i + i 2 )(A+, A-.M+, M"), (1, 1, 0)) . 

Thus t !->• (t(A + ,A~,M + ,M~), (1, 1,0)) is a homomorphism from AL to S^QOU- 
Let 

(9.11) H tl (x,(p+,ip-) = E(t x A + ,t\A~ ,t x M + ,txM~), 

(9.12) H t2 (x, V + ,y-) = E{t 2 A+,t 2 A- ,t 2 M + ,t 2 M~). 

Since t\(A + ,A~ ,M + ,M~), and i 2 (A+, A - , Af+, M~) arc in K, the superfunc- 
tions H tl (w, p + , p~) and H t2 {w, p + , p~) are convergent in a neighborhood of 6 
A!L©(AL) 2 - Hence H tl o H t2 (w,p + , p~) a nd Jf t2 o H tl (w,p + ,p~) are conver- 
gent in a neighborhood of 0. Thus by (|6.65p . we see that t\(A + , A~ , M + , M~) o 
< 2 (A+, A-,M+,M~) and f 2 (A+, A", Af+, Af") o £ X (A+, A", Af+, Af ") are in H. 
By Proposition 16. 151 

(*i +t 2 )(A+, A~,M + ,M~) = t l (A + ,A-,M+,M-)ot 2 (A+,A-,M+,M-) 

= t 2 (A + , A~ , Af + ,M~)oti(A + .A~,M + ,M~). 

Thus (ti +t 2 )(A + , A~ , Af + , M _ ) e 7i. From the definition of the operation iooo , 
we see that 

(0, (1, 1, t x (A + , A~ , M + , M~ ) o t 2 (A + , A~M + , Af - ))) 

= (0,(l,l,ti(A+,A-,Af+,M-)) iooo (0,(l,l,i 2 (A+,A- M+,M-)). 

This then gives 
Similarly, let 

(9.13) H tl o r 1 (x,ip + ,^p~) = E(tiA + ,-t x A~ ,-U x M + ,-itiM~), 

(9.14) H t2 or 1 {x,i P + ,ip-) = E(t 2 A + ,-t 2 A-,-it 2 M+,-U 2 M-). 

Since ii(A+, A - , Af+, Af - ), and i 2 (A+, A", Af+, M~) arc in Ti, the superfunc- 
tions H tl (w, p + , p~) and H t2 (w, p + , p _ ) are convergent in a neighborhood of oo € 
AL©(AL) 2 - Hen ce Jf tl o I" 1 o H t2 (w,p+,p-) and ff ta o I~ l o H tl (w,p+,p-) 
are convergent in a neighborhood of oo. Thus by (|6.80p and (|6.8ip we see that 
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h(A + ,A~, M+ , M - ) Ooo < 2 ( A+ , A- , M+ , M " ) and t 2 (A+ , A" , M+ , M _ )o 00 t 1 ( J 4 + , 
A", M+, M") arc in H. By Corollary EHU 

{t x +t 2 ){A + ,A-,M+,M-) = t 1 {A+,A-,M+,M-)o 00 t 2 (A+,A-,M+,M-) 

= t 2 (A+ , A- , M+ , M~ ) *i (A+ .A" , M+ , M - ) . 

Thus (ti +t2)(^4 + , A~ , M + , Af _ ) S 7i. From the definition of the operation 1000 , 
we see that 

((h(A+, A~,M+, M~) Oco t 2 (A + ,A-M+,M-)), (1, 1, 0)) 

= (t 1 (A+,A-,M + ,M-), (1,1,0)) ioo (t 2 (A+,A-,M + ,M-), (1,1,0)). 

This then gives (|9T5)) . □ 
Remark 9.2. By the proposition above, 

(9.15) {(0, (1, 1, t(A+, A-,M+,M~)) 1 1 G AL A", M+, M") G (A^) 2 } 

(9.16) { (t(4+,A-,M+ M"), (1,1,0)) |tGAL, (A+,^-,Af+,M-)e(A^) 2 } 

are (1, 0)-dimensional Lie supergroups over Aoo, i-e., they are abstract groups which 
are also (1, 0)-dimensional superanalytic supermanifolds with superanalytic group 
multiplication and inverse mappings, (cf. | Var| ) . But elements of (|9.15[) and (|9.16|) 
are in general not in S 2 K(1), even if (A + , A~ , M + , M~) G Ti- This is one of our 
motivations for introducing generalized N — 2 super- Riemann spheres with tubes. 

Remark 9.3. We use the notation iooo for the group operation on S 2 K(l)\o and 
S 2 K{1)\ 00 in analogy to the notation of |Vaf| . |H2j . and |B4| where this notation is 
used to denote the sewing together of elements in the moduli space of spheres with 
tubes or, in the latter case, N = 1 superspheres with tubes. In subsequent work, we 
will define a sewing operation on the moduli space of N — 2 super- Riemann spheres 
with tubes, and this sewing operation will coincide with the group operation iooo 
on S 2 K(l)\o and S 2 K(l)\ OC} as defined above. 

10. An action of the symmetric group S n on the moduli space S 2 K(n) 

In this section, we introduce an action of the symmetric group on n letters on 
the moduli space of N = 2 super-Riemann spheres with 1 + n tubes. 

Let S n be the permutation group on n letters, for n G Z+. There is a natural 
action of S n -% on S 2 K(n) defined by permuting the ordering on the first n — 1 
positively oriented punctures and their local coordinates. More explicitly, for a G 
S n -i, and Q G S 2 K(n) given by 

Q = ((*!, 0+ 9-),..., (vi.ti.Ui (A + ^,A-^,M+^\M-^), 
(a+' (1) , a -' (1) , A+M, A->W,M+'W, M+-«), . . . , 

(ap (n \a^ {n \A + ' (n \A-' (n \M + ' ( - n \M + ^)), 
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we define 

0"(Q) = ((^-'(1), ^i(i)! ^-i(i))) • • • . t>( n -i)i S ri(n-l))i 

(A+'W, A".(°), M+'<°>, M-.W), (a+' (CT " (1)) , a-' ( ^ 1(1)) , 
A -,(a-(i)) )M +,( CT -(i)) ) M -,(<,- 1 d)) )) . . . j (a +,(<r- 1 (n-i)) ) o -,(«r- l (n-i)) > 

^+,(<T- 1 (n-l))^-,( ( r- 1 (ri-l)) ;M +,( ( T- 1 (n-l)) ;M -,( CT - 1 (n-l))^ 

(a+' (n) , a-' (n) , A + '< n >, A-'<">, M+'W, Af+'W)) . 

To extend this to an action of i5„ on S 2 K(n) 1 we first note that is generated by 
the symmetric group on the first n — 1 letters SVi-i and the transposition (n — 1 n). 
We can let (n — 1 n) act on S 2 K(n) by permuting the (n— l)-th and n-th punctures 
and their local coordinates for a canonical N = 2 supersphere with 1 + n tubes but 
the resulting N — 2 super- Riemann sphere with 1 + n tubes is not canonical. To 
obtain the N — 2 superconformally equivalent canonical supersphere, we have to 
translate the new n-th puncture to 0. This translation will change the coordinates of 
all of the positively oriented punctures, and the local coordinates vanishing at those 
punctures will be shifted to vanish at the new puncture, but the infinitesimals will 
remain the same. On the other hand, the translation will not change the location of 
the negatively oriented puncture (at infinity) but will change the local coordinate 
at oo. This translation is given by 

7a : AL © (aL) 2 — AL©(AL) 2 

(w,p + ,p~) h-> (w - z n -x- p + e^_ 1 - p~e+_ 1 ,p + - 0+_i,p~ - On-i)> 

that is 
(10.1) 

_ , + z n -iL- 1 (w,p+,p-)+e+_ 1 G^ 1 (w,p+,p-)+e-_ 1 G- 1 (w,p+,p-) 

Ta(w,p ,p ) = e 2 2 -{w,p^,p ), 



and thus by (|Q2| . we have T : S 2 C — > S 2 C is given by 
T(P) = 



A- x oT A oA(p) if P eU A , 

T- 1 o T T o T{p) if P G C/ T x T- 1 (({( I ^ 7 ) B } x (AL)5) © (AL) 2 ) 



where 

(10.2) T T {w,p + ,p-) 



( w 


ip + O n ^w ip e+_ lW 


2p + p-9+_ 1 9-_ 1 w 


\1 — WZ„-1 


(l-WZ n -i) 2 (l — WZn-l) 


2 {l-wz n ^f 


i6+_ lW 


P + ! P+tiC^ 




1 - WZ„_l 


1-lOZn-l (l-U)Z„_i) 2 


(1 - WZ n _i) 2 








1 - 


l-u;z n _i (l-wz„_i) 2 


(1 - WZ n -i) 2 ) 


-z„_lLi(to,p + 

= e 




w,p + ,p~) . 

• (W,p + ,p ). 


! new local coordinate at infinity can be written 


as 



(10.3) E{A+^\-A-^\-iM + ^\ -iM + -^)(l/w, ip+/w, ip~/w), 
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and it is determined by the old local coordinate at infinity and the superprojective 
transformation T via 



(10.4) E(A+W, -A-'W -iM+&\ -iM+>(°))(-, ^- 



w w 

= E(A + >(°\-A-t°\ -iM+>(°\ -iM-'W) o / o T A \w, p+,p-). 



Using Proposition 16.201 we have 
(10.5) E(A+^ \-A-' ( -°\ -iM+'W, 



exp 



(E(4' (0) ^( 

V76Z+ V 



1 ip + ip 

w' w ' w 



w,p + ,p-)+AJ' ( - 0) J_ j (w,p + ,p-) 



+m+^g+ , k P +,p-) + m;: ( ?g- y (w, P + ,p-) 



)■(= 








w 


ui / 



exp 



(E(4' (0) ^ 



^,^)+4 j ' (0) J_ i (x 1 / ) ^) 



+M+; ( 1 0) G+ , (x, <p + ,<p-) + M-J^G: , (s, 

J 2 J 2 " /_r 2 



/ 1 Z</? + \ 

\x' X ' X / 



(a:,v>+,v> _ )=(«'+2n-i+p+e~_ 1 +p-e+_ 1 ,p++e+_ 1 ,p-+e~_ I ) 



*„_lL_i(iu,p + ,p-)-9+_ 1 G + j («;,p+,p-)-9^_ 1 G_ 1 (w,p + ,p-) 



exp 



fx; (••»;••"•'• > • -v !! -' , 



w,p + ,p ) 



frf>G- , 

J-S -3+\ 



)•(= 








w 


w I 



Then 

(10.6) (n-ln)(Q) 

= (oo, C er), ■ • • , (*,-a, Ca, Ca). o, (vi.Ci.Ci); (A+-< >, A--W 
M +,(o) } M -,(o) )) (o +.« 5 a -.(D ; j4 -,(i) ! M +,(i) ) M -,(l)) ) . . . 

(a+- (n - 2 \ a- > {n - 2) , A+'("" 2 ), ^--f"- 2 ), Af+-("- 2 ), M"^" 2 )), (a+' (rl) , 
a -,(„) j j4+ ,( n)) A _,( n)i M+ , (n)j M -,(n) )) (a+^f"- 1 ), a"^"" 1 ), A+'f"- 1 ), 

^-,(n-l) ; M +,(n-l) ) M -,(n-l)^ 



oo, (zi - z„_i - 6^8 n _ 1 


- i c 


-lA - Cl! 


#1 -d) 5 ( Z 2-Z„_i 




- Ci. 


°2 - Cl)' ' ■ 


■ 7 (Zn-2 ~ Zn-l - C2C1 




1) ^n-2 ~~ 


■Cl)i( _2 n- 


i-C-Ci).!); (^ (0) 


i-.(o) j M+,(o) j jjf-,(o) 




"0 ' /1 


A-'W,M + 'W,M-'W),... 
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(a+' ( "- 2) ,<^ ( "- 2) ,A+'("- 2 ),A-'("- 2 ),M+'( n - 2 ),A/-'("- 2 )),(a+' ( " ) , 

a -' (n) , A+'M, A-'W, M+'< n >, M-'W), ' (n " 1) , 
A -,(„-i) )M+ ,(„-i ))M -,(„-i)^ e 52^^ 

Thus we have an action of £„ on S 2 K(n). 

11. The nonhomogeneous coordinate system 

So far we have restricted our attention to what we call the "homogeneous" co- 
ordinate system, denoted by N — 2 supercoordinates (z, 9 + ,9~) or (w, p + ,p~) and 
by formal N — 2 variables (x, <p + , <p~). In this section, we transfer some of our 
results to the "nonhomogeneous" N = 2 supercoordinates which we denote by 
(z,9,9*) or (w,p,p*) and by formal N — 2 variables (x, <p, <p*). This is a stan- 
dard transformation in N = 2 superconformal field theory (cf. [C] , [DRSj , [N] ) . We 
call these coordinate systems "homogeneous" and "nonhomogeneous" , respectively, 
due to the transformation properties of a nonhomogeneous N — 2 superconformal 
function on the corresponding nonhomogeneous superconformal operators D and 
D* defined below as described in Remark 111.11 an d due to the action of the Jj 
terms, for j £ Z, in the algebra of infinitesimals as described in Remark 1 11. 21 The 
transformation from homogeneous to nonhomogeneous coordinates is given by 

(11.1) 9=-j=(8++6-) and = * (0+ - 0") , 
or equivalently 

(11.2) 9 ± = ^={6 ±16*). 



Then we have that 



V2 

8 1 / 8 .8 



or equivalently 

8 1/3 9 \ , 8 i ( 8 



and — — = —^(: 



86 ^2~\89+ d0~ ) 88* ^2\89+ 

Thus 



Then we define the superderivations D and D* by 

(11.4) D= ±(D+ + D-) = | + »| 

(11.5) IT- -^-D-) = -(£+,| 



Note that then 



(11.6) D ± = ±={D±iD*) 

(11.7) [D,D*] = 

(11.8) [D,D] = [D*,D*] = 2^-. 

8z 
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A homogeneous N = 2 superconformal function H (z, 8 + ,8~) transforms D ± ho- 
mogeneously of degree one. Under the transformation from homogeneous to nonho- 
mogeneous coordinates we see that the conditions for H (z, 8 + ,0~) = (z, 8 + ,8~) to 
transform D ± homogeneously of degree one, i.e., that H satisfies conditions (|3.7p 
- (|3.10|) . is equivalent to H(z,8,8*) = (z,8,8*) satisfying 

(11.9) D6 + D*6* = 

(11.10) D6*-D*6 = 

(11.11) Dz-0D0-6*D6* = 

(11.12) D*z-8D*8-8*D*8* = 0. 

In general, an N = 2 superanalytic superfunction H(z, 8, 8*) from /\^ 0>(/\ > x> ) 2 to 
Alo ®(AL) 2 transforms D and D* by 

D = (D8)D — (D8*)D* + (dz - 8D8 — 8* D8*^j D 2 
D* = (D*8)D - (D*8*)D* + (d* S - 8D*8 - 8* D* 8*^j (D*) 2 . 

Thus a homogeneous N = 2 superconformal function is equivalent to a nonho- 
mogeneous N = 2 superanalytic superfunction transforming D, respectively D*, 
as D = (D8)D - (D8*)D* = (D8)D - {D*8)D*, respectively D* = {D*8)D - 
(D*8*)D* = (D*8)D + [D6)D*. We will call a nonhomogeneous N = 2 super- 
analytic function satisfying conditions (| 1 1 . 9|) - (|11.12p . a nonhomogeneous N = 2 
superconformal function. Note that with this definition, a homogeneous N = 2 
superfunction H (z, 8 + ,8~) is superconformal if and only if the corresponding non- 
homogeneous N — 2 superfunction H(z, 8, 0*) is superconformal in the above sense. 

Remark 11.1. From the properties derived above for a nonhomogeneous N = 2 
superconformal function, we see one of the reasons for our terminology. Namely, 
that a nonhomogeneous N = 2 superconformal function does not transform the 
superderivations D and D* , respectively, homogeneously of degree one. Instead 
it transforms them as D = (D8)D - (D8*)D* and D* = (D*8)D - (D*6*)D* , 
respectively - unlike the homogeneous nature of the transformation of under a 
homogeneous N = 2 superconformal function. In the latter case the superderiva- 
tions transform homogeneously as D ± = (D ± 8 ± )D ± . 

The conditions (| 11 . 9|) - (| 1 1 . 1 2[) imply that a nonhomogeneous N — 2 supercon- 
formal function H (z, 8,8*) = (z, 6, §*) is of the form 

(11.13) z = f(z)+8(g(z)ilj(z)+g*(z)r(z))+e*(g(z)r(z)-9*(z)iP(z)) 

(11.14) 8 = i)(z) + 6g(z)-8*g*(z)+89*{ip*)'(z) 

(11.15) 8* = i)*(z) + 8g*(z) + 8*g(z)-88*iP'(z). 
satisfying 

(11.16) /'(*) = g 2 (z) + (g*) 2 (z) - ^(z)^(z) - ^*(z)(^)'(z), 

for even superanalytic (1, 0)-superfunctions /, g and g* and odd superanalytic (1, 0)- 
superfunctions if),ip*. Note that, in the correspondence between homogeneous and 
nonhomogeneous N = 2 superconformal functions given by (|3.11[) - (|3.14p , and 
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(|11.13|> - ()11.16|) . respectively, we have that ^(x) — -^(%p(x) ± iip*(x)) and 

^(x) = g(x) ± ig*(x). 

Under the transformation from homogeneous to nonhomogeneous coordinates, 
we see that the formal infinitesimal homogeneous N — 2 superconformal transfor- 
mations generated by the superderivations (|6 . 1 3[) - (|6.15[) in Der(C[x, x" 1 , ip + , ip~ ]) 
give the formal infinitesimal nonhomogeneous N = 2 superconformal transforma- 
tions as being generated by the following superderivations in Der(C[x, x~ l , ip, tp*]) 

(n.17) hx,,^) = 



(11.18) Jj(x,<p,<p*) = 

(11.19) G^x,^) = 

(11.20) G* L {x,P^*) = 

J 2 




for formal nonhomogeneous variables (x, tp, tp*) and for j £ Z. 

These superderivations satisfy the relations for the "nonhomogeneous N = 2 
Neveu-Schwarz algebra with central charge zero". The nonhomogeneous N = 2 
Neveu-Schwarz algebra with central charge d is the Lie superalgebra with basis 
consisting of the central charge d, even elements L n and J„ and odd elements 
G n +i/2 an d G* l+1 / 2 , for n G Z, and commutation relations 

(11.21) [L m ,L n ] 

(11.22) [Jm,Jn] 

(11.23) [L m ,J„] 

(11.24) [i m ,G„ + i] 

(11.25) [L m ,G* n+i ] 

(11.26) [Jm,G„+i] 

(11.27) [Jm,G* n+i ] 

(11.28) [G m+ i,G„_i] 

(n.29) K + i,g;_,] 

(11.30) [G m+h ,G* n _ h ] 

Note that in general, if L(n), J(n), G (n + 1/2) give a representation of the (ho- 
mogeneous) N — 2 Neveu-Schwarz algebra with central charge c (i.e., satisfy the 



(m - n)L m+n + Y^(m 3 - m)8 m+n . d, 
—mS m+n: Q d, 



= —nJ, 



m+n i 



= £G 



= — «G m+Tl+ l, 

= 2Ir m +„ + - (m 2 + m)£ m+n> o rf, 

= 2L m+n + i(m 2 + ra)£ m+n , d, 

= i(m-n+l)J m+n . 
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relations (fT7T]> - (777)1). then letting 

(11.31) G(n+~) = -L^G+(n+i) + G-(n+i) 

(11.32) G*(n+1) = ^^ G +(n+i)-G-(n+i) 

(or equivalently G ± (n + 1/2) = ^^(n + 1/2) ± iG*(n + 1/2))) we have that 
L(n), J(n), G{n + 1/2), G*(n + 1/2) give a representation of the nonhomogeneous 
N = 2 Neveu-Schwarz algebra with central charge c. 

Remark 11.2. We see in the commutation relations (|7.1[) - (|7.7p for the (homoge- 
neous) N = 2 Neveu-Schwarz algebra in comparison to the commutation relations 
(lll.2ip - (|11.30|) for the nonhomogeneous N — 2 Neveu-Schwarz algebra another 
justification for our terminology "homogeneous" and "nonhomogeneous". In the 
former case, the commutator of J m with G^ +1 y 2 is homogeneous in G + and G~ 
terms, respectively, whereas in the later case, the commutator of J m with G n+ i/2 
and with G* +1 ^ 2 , respectively, is nonhomogeneous. 

Carrying through our transformation from homogeneous coordinates to nonho- 
mogeneous coordinates we see that the N = 2 super- Riemann sphere in nonhomoge- 
neous coordinates is given by the usual coordinate charts (Ua, A) and (Ur, T), and 
coordinate transition function A oT -1 («7,p, p*) = I(w, p, p*) — (l/w,ip/w,ip* /w). 
Local coordinates vanishing at a point p on the nonhomogeneous N — 2 super- 
Riemann sphere with A(p) = (z, 9,6*) £ AL ©(AL) 2 are gi ven by 

(11.33) H{w,p,p*) =expj-^ (AjLjix,^?*) + Apjix,?,?*) 

+ Mj_iGj_i(x, tp,tp*) + M*_iG*_i(x, ip, <P*)jj ■Oq 2Lo{ - x ' v ' v " ) ■ 
(o5)- J »^»^.(x, Vs¥ ,*) 

(x,(p,(p*) = (w — z—p6 — p*8* ,p—9,p* — 6*) 

for (a ,a* ) S ((AL) X )7(±1}, ^,A* S AL and Mj_ 1/2 , M*_ 1/2 S AL for j S 
Z + . And we can write the power series expansion of the local coordinate vanishing 
at oo with leading coefficient of p in p and p* in p* , respectively, equal to i as 

(11.34) H(w,p,p*) = expl ^BjL-j(w,p,p*) +B*J^ j (w, p,p*) 

+ Nj_iG_ j+ i (w, PlP *) + N*_iG*_ j+ i(w, p, 

for Bj,B* 6 Aoo' ano - Nj-ij2,Nj_-y, 2 G AL' fo r e This characterization 
allows us to formulate the moduli space of nonhomogeneous N — 2 super- Riemann 
spheres with tubes in a way completely analogous to that for homogeneous N = 2 
super- Riemann spheres with tubes as is done in Section [8] 

Now, we specifically formulate the Lie supergroup of nonhomogeneous N = 2 
superprojective transformations from the homogeneous N — 2 superprojective 
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transformations given by dSTJ) - (|5~T0l) (or equivalently (|5~T2"1) - (|5~T6l) ) and dis- 
cussed in detail in Section [7] Under the transform from homogeneous coordi- 
nates to nonhomogeneous coordinates, we see that the automorphism group for 
the nonhomogeneous N = 2 super-Riemann sphere is given by transformations 
(w, p,p*) h- » (w, p, p*) of the form 

aw + b eOyw + 5) + e*("/*w + 5*) 

(11.35) w = ; + p -, ^ 

cw + d (cw + d) 2 

(fw + h)hw + S) + (f*w + h*)h*w + 5*) 
+p 



+P 
+P 
-PP 



(cw + d) 3 
e(j*w + 5*) — e*(jw + S) 
(cw + d) 2 

(fw + h)(i*w + 5*) - (f*w + h*)(jw + 5) 
(cw + d) 3 

2-fj*dw - (7<5* - j*5)(cw -d)- 25S*c 



(11.36) 



(cw + d) 3 
jw + d e fw + h 



cw + d cw + d (cw + d) 2 cw + d 
*f*w + h* ^7*^ — 5*c 
(cw + dy (cw + dy 



/-,-, ~* j*w + S* e* f*w + h* 

( U - 37 ) P = '., j +P r^ + P? 



cw + d cw + d (cw + d) 2 cw + d 

. * fw + h , jd-Sc 
+P 7 T^J - PP 



(cw + d) 2 (cw + d) 2 

with a,b, c, d,e,e*,f, f*,h,h* £ AL and m*, s ,5* € AL satisfying 

(11.38) ad -be = 1 

(11.39) e 2 + (e*) 2 = l--/5 + S*j* 

(11.40) / = -e*77*d 

(11.41) /* = e77*d 

(11.42) h = e*(66*c- (76* - ~/*6)d) + e65*~/~/*d 

(11.43) h* = -e(55*c- (<y5* - j*5)d) + e*SS*^*d. 

Note that, in the correspondence between homogeneous and nonhomogeneous 
N = 2 superprojective transformations given by (|5.4j) - (15-1 Oj) and (II 1 .35|) - (|11.43|) . 
respectively, we have that 

7 =7f(7 + +7") 7* = --J|(7 + -7") 

e =|(e+ + e-) e* = - l -(e + e~) 

f =!(/++/-) r = -\{f + -n 

h =\(h+ + h-) h* = ~{h + -hT). 
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Equivalcntly, the nonhomogcncous N = 2 superprojective transformations can 
be written as 

(11.44) w = — '- _J_ J — 

cu> + a (cw; + ay 



-PP 



,„ ... _ 7W + 5 
(11.45) p = -+p 



(cw + d) 2 

, 2^*dw - ( 7 <5* - 7*0") (cu> - d) - 255* c 



(cw + d) 3 



cw + d cw + d 

e*jj*dw + e*(55*c - (j5* - j*5)d) + e55*jj*d 



+P 



(cw + d) 2 

, e* 

P 



-P 



cw + d 

ejj*dw — e(55*c — (jS* — 7*<5)d) + e*55*jj*d 



(cw + d) 5 



* Td-5*c 

+PP 7 : ~j\2 

(cw + dy 

m ar\ ~* j*w + 5* e 
(11.46) p = — -+p 



cw + d cw + d 

ej"f*dw — e(65*c — 0j5* — j*S)d) + e*55* r yi*d 

-p 

(cw + d) 2 

* e 

~P ; 

cw + d 

-e*77*dw + e*(55*c - ( 7 <5* - j*5)d) + e55*jj*d 
(cw + d) 2 

7d — 5c 



-P 
PP* 



(cw + d) 2 

with a, b, c, d, e, e* € /\L anc ^ 7' T* > e A<L satisfying 

(11.47) ad -6c = 1 

(11.48) e 2 + (e*) 2 = 1-7(5 + 5*7*. 

Remark 11.3. The nonhomogeneous N — 2 superprojective transformations above 
do not coincide with those given in [Mej or [Scho] . Those given in [Me] do not give all 
possible transformations. An example of a nonhomogeneous N — 2 superprojective 
transformation which is of the form (|11.44[) - (| 1 1 .48[) but cannot in general be put 
in the form proposed in [Me] can be obtained by transforming the homogeneous 
N = 2 superprojective transformation given in Example 17.21 via the coordinate 
transformation from homogeneous to nonhomogeneous coordinates (jTLTj) . On the 
other hand, in [Scho] . Schoutens' presentation of the nonhomogeneous N — 2 su- 
perprojective transformations implies that a transformation (w,p,p*) i— > (w,p,p*) 
of the form 

,„ , faw + b t 11 , t 12 t 21 . t 22 \ 

(11.49) (w,p,p*) = — , p —+p* — , p- 



cw + d ' cw + d cw + d ' cw + d 
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with a,b,c,d,P k £ /\^ for j,k = 1,2 satisfying ad — be = 1 and t l H lk — Si t k for 
i,j, k = 1,2, is N = 2 superprojective. (Here for simplicity we have set Schoutens' 
odd parameters = for i,j = 1,2, as of course we are allowed to do.) But 
clearly, in general, such a transformation is not of the form (lll.44|) - (|11.48p . and 
in fact is not even a nonhomogencous N = 2 superconformal function since it does 
not satisfy (|11.13|) - l|11.16jl . 
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